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Introduction

The lecture on nonlinear functional analysis has no canonic structure. It is thought to give
the students at hand a “toolbox” of mathematical methods for the analysis of nonlinear
equations in Banach spaces. These nonlinear problems typically arise from the field of math-
ematical modeling and often are given in the form of partial differential equations. We discuss
stationary and dynamic problems.

In the part on stationary problems we discuss nonlinear equations

f(uvA):Oa (1>

where f: 2" x (r,s) = % for two Banach spaces 2 and #'.
We will discuss this topic in three steps which related to a proceeding understanding of
the functional f and hence form a natural hierarchy:

1. For given A = )\ prove the existence of solutions to (1).

2. Suppose the existence of solutions is shown, i.e. f(ug, Ag) = 0:

(a) Are there further solutions f(@, \g) = 0 in a vicinity of uy? What is the dimension
of the space of solutions?

(b) Are there solutions to
f(uv: )\0) =,

and how are they related to ug?
3. How does the space of solutions change if A # A\y?

In case 2 = R? and # = R™, these questions have partially been answered in the under-
graduate courses Analysis I — III. To name these partial answers we remind some keywords:

1. Concerning the existence of solutions:

(a) If d =m =1 we can use the Intermediate value theorem.
(b) If d = m = 2 we can use the Residual theorem from complex analysis.

(¢) For general d = m we can us fixed point theorems.
2. Question number 2. can be answered by

(a) The implicit function theorem

(b) The inverse function theorem

. Question number 3 is “new”, in n re is n uivalent in undergradu
3 estio ber 3 is “new”, in a sense that there is no e alent dergraduate
courses.

Berlin/Miinchen 2019/2020
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In the second part of the course, we discuss time dependent problems.

= f(u,\).

We will see that periodic solutions may branch of from the stationary solutions, a phenomenon
which is called Hopf bifurcation. We furthermore discuss equations of the more particular
structure

i = OV* (—DE(u)) |

where U* is convex and £ is a coercive functional. The later type of equations is called
generalized gradient flow. Furthermore we discuss equations of monotone type

w=g(u),

where ¢ is a monotone function.

Some of the results will not be proved in the lecture but at least partially provided in this
script here. In order to emphasize the range of applications, we will provide some exercises
including solutions.

Let us finally comment on literature. The roots of this lecture are probably in the be-
ginning of the 80’s. Including Section 3.1, the first two third of this notes follow the lecture
of Prof. Willi Jager which he gave in 2006/2007 at the University of Heidelberg, with some
modifications according to my own taste. There is also a german lecture note by Prof. Ben
Schweizer which is very close to this script. Accordingly I found that many ideas concerning
the proofs in the part on fixed point theory, degreee and bifurcation theory are provided in
the books [7, 14]. Concerning the part on the implicit function theorem, I also highlight [5].
A more recent book in german is [12]. The part on gradient flows is mostly inspired by the
recent work [11] which is restricted to Hilbert spaces in comparison with the more abstract

book [1]. Finally, the part on monotone operators and convex analysis is in large parts taken
from [4, 8, 9, 3].

Berlin/Miinchen 2019/2020



Chapter 1

The degree

1.1 Definition and Properties of the Degree for contin-
uous nonlinear functions

1.1.1 Introduction

We recall the following theorem from Analysis 1.

Theorem. Let f: [—1,1] — R be continuous. If f(—1)« f(1) < 0, then there exists at least
one solution xo € (—1,1) to the problem f(xq) = 0.

On the other hand, if f(—1)=* f(1) > 0 we are not in the position to draw any conclusion
unless we know something about f on the inner of (—1,1). In order to generalize this theorem
to higher dimension, it is useful to have a geometrical interpretation in mind. Throughout
these lecture notes, we call B{(0) := {z € R?| |z| < 1} the unit ball and S*! = 9B the
sphere in R?. Furthermore, we use the following two definitions.

Definition 1.1.1. A map ¢ : St — R™\{0} is called essential if every continuous extension
to B4(0) possesses a zero.

Definition 1.1.2. Let T3, T3 be topological spaces and f, g € C(T1;T2). We say that f and
g are homotope, written f ~ g if there exists h € C(T} x [0, 1];T3) such that h(-,0) = f and
h(-,1) = g. A function g € C(T;T») is null-homotope if g ~ ¢ for some constant ¢t € T5.

Remark 1.1.3. Being homotope is an equivalence relation.
We can now reformulate the above theorem as follows:

Theorem. Let ¢ : {—1,1} — R\{0}. Then, ¢ is essential if and only if ¢ = ﬁ as a
function {—1,1} — {—1,1} is not null-homotope.

Exercise 1.1.4. Prove that this is equivalent to the intermediate value theorem.
We can formulate this last result more generally.

Theorem 1.1.5 (Intermediate value theorem). Let ¢ : STt — R™\{0} be continuous with

Y = ﬁ. Then ¢ is essential if and only if ¢ : S*™1 — S™! is not null-homotope.
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Proof. Step 1: If ¢ is not essential, then there exists a continuation f : B¢ — R™\{0} and

¢ is homotope with - ol 0)| through h(x,t) = |fg§;‘

Step 2: Now, assume that v is homotope with 3y € S™~! through a function h € C(S%! x
[0,1]; S™71) with h(z,1) = yo € S™!. We define

f(a:):{(1—|x!+|x|‘@<§>))h<|§,1 of) itz £0

Yo ifz=0

and prove that f is a continuous extension of ¢ and has no zeros. This implies that ¢ is not
essential. First note that

mmw:mwmmmzmﬁzmu>mmubL

Furthermore, f is continuous in 0. To see this, let x5, — 0 and note that ] ¢ along a
subsequence. Hence

X
hCiJ—WO%M&UZm
|z |

and we find f(zx) — yo. It remains to show that f has no zeros. We use |h|=1 and observe

b

as ¢ # 0. Hence ¢ is not essential. ]

It is desirable to not only know about the existence of zeros but also their multiplicity.
In this context, we are inspired by the residual theorem from complex analysis.

Theorem 1.1.6. Let f : B?(0) — C be analytical and 0 & f(S'). Let z1,...2; be an
enumeration of the zeros of f and let vs(z;) be the multiplicity of f in z;, i =1,... k. Then

LV LG N
%ygf(z)dz—; #(z). (1.1)

We make use of the representation z = z + iy and f(z) = f.(z) + if;(z) where the
Cauchy-Riemannian differential equations imply 0, f, = 0, f; and 0,f, = —0,f; and f'(z) =
O f+(2) + 140, f;(2). Furthermore, we find that 2 = v is the outer normal of B%(0). Hence we
have by use of z = €% that dz = izdy and

ICTRE L WU o) CVICE
2m§l§ 7(2) 7(2) do =35, )P T
1 [ f(2)f(2)z
- Re—2~"d
%/ F@F
o o <fa Df V>R2
=5 ngp, (1.2)

Berlin/Miinchen 2019/2020
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where in the last line we switched from C to R? and hence Dfz ~» v the normal vector
of S'. The last formula suggests a straight generalization to R?. However, we need to be
careful. First of all, we only dealt with analytic (complex differentiable) functions. Second,
the Cauchy-Riemannian equations show that in two dimensions and for analytical functions
Df is equivalent with Ay = (Aj),,_, , where

Ajp = (=1)7 det (0,f™) , L4k m#j

is the cofactor matrix. The choice of A instead of Df will turn out to be the correct
generalization.
The aim of this section is to generalize (1.2) to arbitrary finite dimensions. For the time

being, we note that
f'(2)
B ( ;
o(f, B 27m 55 (2)

has the following properties
Axioms of the degree

(d1) (Whole number property) Let 2" be a Banach space, G C 2" be open and bounded,
f: G— Z be continuous and yy & f(OG). Then

D(f7G7y0) GZ‘

(d2) (Invertibility)
o(f,G,y0) #0 = dreG: f(x)=1yo.

(d3) (Norming property)

1 G
o(id, Gy) =4 =T
0 5% &G
(d4) (Homotopy) Let h: G x [0,1] — 2 be continuous, y : [0,1] — 2 continuous and for

every t € [0,1] let y(t) ¢ h(@G t). Then
t—0(h(-,t), G, y(t)) is constant.
In case dim 2~ = oo we require h(x,t) = x + g(z,t), where g is compact on G x [0, 1].
(d5) (Joining Property) If G1,G> C G are open, disjoint and yo € f (G\(G1 U G>)) then

D(f> G7 yﬂ) = a(f? G17 yO) + a(f? G27 yO)

Inspired by the above considerations, we aim to show in the following that for general di-
mensions the map
1 <f — Yo, Af V>

S Joa | — yol”

o (f, G yo) = do, (1.3)

where

Ag = (=1)7** det (0f™) (1.4)

Ik, m#j

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 8

satisfies (d1)—(d5). We will follow a natural plan: We first demonstrate that the definition
(1.3) makes sense in case of C*-functions, then generalize to C°-functions via approximation.
Using the fact that compact operators can be approximated by finite dimensional operators,
we will finally show that the degree mapping exists in arbitrary dimensions. We furthermore
mention that

Exercise 1.1.7. In finite dimensions, the degree is uniquely defined through (d1), (d3)—(d5).

which we will prove later.

1.1.2 The Degree in Finite Dimensions

It turns out that in order to prove that 0 is a suitable degree, it is favorable to first apply
Gauss’s theorem and transform the above expression to an integral over G rather than 0G.

Proposition 1.1.8. For every f € C?(G;RY) N CYG;RY) and yo € f (0G) it holds

2(/.Goon) = [ w(15() = ) Tya)i. (1)
where w € C([0,00],R) with [y, w(|z|)dz =1 has support in [0,¢), 0 < e < 3dist (f(OG), yo)
and Jy is the Jacobi determinant of f.

Proof. We define
1 T
B)i= o)y, where ()= = [ w(oe
0

with the property ¢(r) = r—¢ ‘Sd_lr1 for r > e. Hence we observe

1 <f_y07Afl/>
D(fa G7y0) = ’Sd*lf 0C |f—y0|d do

[ @G- Am)do

oG
= [ (etr-w" 4).

One may easily verify that (see lemma below)

d
D 0kAp =0
k=1

Berlin/Miinchen 2019/2020
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and hence

d
V- (‘D(f - yO)TA ) = Z A0 (5 (f —yo)) + Z‘I)j (f — yO)ZakAjk
k=1

]kl j=1

—Zak  (f = 90)) Aje +0

7,k=1

d
= > 0%, (f — o) Onfi Aji

jkji=1

d d
= > 0,95 (f —y0) Ol A+ Y 9%, (f — o) Defi Ay

k=1 jki=1
i
=(V-®)(f —yo) Tr+0.

Here, we used that ), 0xf; Ajr = det (D f) and the second sum in particular becomes zero
as

d
ZakfiAjk: =J;=0,

k=1

where f stems from f by replacing f; by fi. It remains to observe that

(V-®) =Y hr=do(yl) + 70 (|yl)

dg (1) — drip (yl) + 7~ (1) r
ofr).

Lemma (Supplemental material). Let d > 2 and f € C*(G;R?) then

d
Vi > 0k =0.
k=1
Proof. Define a; = (fi,... fi—1, fi+1,--. fa)" then

d
OcAj = (=1 “det (dhay, . .. 10, Dz, Oiray, .. ., Daay)
iZh
d
—1)) " ow det (9kD1a;, Digrayas)
7t

Berlin/Miinchen 2019/2020
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where oy = (=1 1 if k > [ and oy = (—1)*"=2if k < [. Hence oy, is anti-symmetric,
while
bkl ;= det (8;@8!@]-, 6i€{k7l}aj)

is symmetric. In particular, we obtain that

d d
Z@kA]k = Z Uklbkl =0.
k=1 k,l=1
k#l
0

There exists a further equivalent expression for 0. It can be derived for regular v, in the
following sense.

Definition 1.1.9. Let G C R? be open and Y = R™ and let F € CY(G;Y).

1. xy € G is called regular if DF(z() has maximal rank.
2. Any non-regular xy € G is called critical.

3. A point yo € Y is called critical value of F if there exists a critical z € F~'(yp).
Otherwise, it is called a reqular value.

In regular values, the following representation formula holds.

Proposition 1.1.10. Let yo be a regular value of f € C*(G;RHNCHG;RY) and yo € f (0G).
Then
o0(f.Gyo) = > signTy(x). (1.6)

z€f~1(yo)

Proof. First note that f~!(yo) C G is bounded and does not accumulate at G, hence is
compact. Since yq is regular, f~(yo) = (), is finite and flza(,) : Bi(wr) = f (Bo(ar)) is
a local isomorphism for sufficiently small p. In particular, signJy is constant in IB%z(:Ek) and
we can assume that the balls are disjoint.

We may decrease € = 1dist (f(0G), yo) to ensure that also

e < %dist (Ll;Jf (OBz(:vk)) : yo) :

Berlin/Miinchen 2019/2020
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It then holds with (1.5) that
2 (£.C.y) = /G w (1 (@) - yol) Ty (2)da
= T) — d
> / oy 0 =00 Ty

:Zsignjf(xk) /]Ed( )w(|f(aj)—y0‘)|jf($)‘dm

= sign J¢(x w(ly —wol)d
; enJy( )/f(Bg(m) (ly — o) dy
= Z signJr(x) .

x€f~1(yo)

Finally, in order to show that our above definition of the degree is reasonable, we need
the following result. O

Lemma 1.1.11 (Sard’s Lemma (simplified version)). Let G = [0,1]¢ € R? and F €
CH(G; R?) with bounded derivatives. Then the set of critical values of F' has Lebesgue-measure
0.

Proof. We divide each edge of the cube into N pieces and by doing so also divide G into N¢
cubes of equal size with edges of length N~!. For two points z, 2o in the same cube it holds
by Taylor’s formula and boundedness of the derivative

Fx) = F(zo) + DF (o) (z — 29) + 0 (l) |

N
Furthermore, we have No (%) — 0 uniformly in z and g as N — oc.

Assuming there was a critical point o of F' in one of the cubes, denoted W. Then
det DF'(xy) = 0 and hence the values F'(z) lie in a d — 1 dimensional hypermanifold which is
comprised in a cuboid of volume CN =% 1o(N~1) around the hypersurface given by F,pro(7) =
F(z0) + DF(x0) (x — xp). Since there are at most N? of these cubes, their total volume is
bounded by

NYON"o(NH) = CNo(N7') =0 as N — o0o.

As N is arbitrary, this gives the result. O]
We can now proof the main results of this section.

Theorem 1.1.12. Let d be defined by (1.3). Then for every f € C*(G;RY) N CY(G;R?) the
map 0 satisfies (d1)-(d3), (d5). Furthermore, 0 satisfies (d4) for h € C?(G;RY).

Proof. Property (d1) follows from the equivalent representation (1.6) in case y is regular.
If not, there exists a sequence y, — yo of regular points (by Lemma 1.1.11). From (1.5) we
infer that 3(f, G,yx) — o(f, G, o).

If yo is regular, property (d2) follows from (1.6). Otherwise we can once more use the
above sequence y, — o of regular points and continuity of f: If z;, € f~'(yy), then zy is
compact and we find x; — x¢ along a subsequence where f(zx) = yr — yo = f(x0).

Berlin/Miinchen 2019/2020
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Property (d3) follows equivalently from the representation (1.5) or (1.6).
In order to show Property (d4) let

R={(t,h(x,t)) : x€0G,tel0,1]}
and @ = {(t,y(t)) : t €[0,1]}

and let € < %dist (R, Q) in Proposition 1.1.8. But then the expression
O (h(- 1), Goy(®) = [ w(1h(a.t) =y Jhc (o)
a

depends continuously on ¢.
Finally, property (d5) follows immediately from (1.5). O

In view of (1.5), we finally provide the following result, stating that w can be chosen out
of a much more general class of functions.

Proposition 1.1.13. For f € C*(G;RHNCHG; R?) and yo € f(OG) let 0 < e < 55dist (f(9G), yo)
and let

Q(f,90) = {w € C'(R%4R) - /Rdw =1, suppw C Bg(O)} :

Then for every wy,ws € Q(f,y0) it holds
[ (7@) = ) Trado = [ wn(f@) - w) Tyle)da. (17)
G G

The last proposition in particular implies that we can generalize the formula (1.5) to any
w e Qs(f ) yO)‘

Proof. According to Lemma 1.1.14 below, there exists w € Cg((—¢,¢)%; R?) such that V-w =
wy —ws. Defining v; = >, wy, (f — yo) Ajx we may follow the lines of the proof of Proposition
1.1.8 to obtain

V-ou(z) = Z Z (Vwg) o (f(z) — o) 0;f(x)Aj(x)

=Jp(@) (V-w) o (f =) =Ty (w1 —w2) o (f —wo) -
Since wy (f — yo) = 0 on G we find [,V -v = [,,0 =0 and hence (1.7). O

Lemma 1.1.14. Let K¢ = (—¢,e)?. For every q € Cj(K%R) with [,.,q = 0 there exists
w € CH K% RY) such that V- w = q.

Proof. We prove the lemma via induction over d. For d = 1 set w(xz) = [*_q(s)ds.

Assume the lemma was true in dimension d. We denote coordinates in R by (yy, ..., v4,t)
and write

qy) = / q(y,t)dt.

—&

Berlin/Miinchen 2019/2020
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Then G € CL(K4;R): if for example y; = =+, then ¢(y,t) = 0 for all ¢ and hence (y) = 0.
Hence we find ¢ = V - @ for some w € C} (K% R?).
Now, let g € Cj((—¢,¢); R) with [°_g =1 and define

way1(y, 1) ;:/ (q(y,s) —g(s)q(y)) ds.

—&

Obviously, wgy, € CH(K%R) since way1(y, —€) = 0 by definition and wqy 1 (y, €) = G(y)—q(y).
Furthermore, introducing w;(y,t) = g(t)w;(y) for i = 1,...d and we find

V-w(y,t) = g(t)V -w(y) + q(y, t) — g(t)q(y) = q(y,t) .

1.1.3 The Degree for Continuous Functions

Our initial aim was to define the degree for continuous functions, not only for differentiable
functions. We will do this using the following

Theorem 1.1.15 (Rouché’s Theorem). Let f,g € C*(G;RY)NC?*(G,R?) and let yo € RY. If
VeedG:  |f(z) —g(@)| <|f(x) = yol

then
a(f7G7y0> - D(QaGayO) .

Proof. Let
W, t) = (1=1) f(z) +tg(x).
This is a C*-homotopy that can be used in (d4) since for every x € G it holds
(2, t) = yol = [f(x) — ol = t[f(2) — g(x)] > 0.
O

Using the Rouché Theorem we will define the degree for continuous functions approxi-
mating them by smooth functions. This can be done using Tietzes theorem, which we will
prove later:

Theorem. Let X be a metric space and A C X be closed. Further, let % be a Banach space
and g : A — % be continuous. Then there exists a continuous extension

g: X —conv(g(A) Cc¥, Jla=g.
Here convB is the convez hull of B in % .

In particular, we obtain the following:

Lemma 1.1.16. Let G C R? be a bounded and open set and let f € C (@) Then there
exists a family (fr) ey C C* (R?) such that || fi, — fHo(é) — 0.

Berlin/Miinchen 2019/2020
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Proof. First observe that convf (6) is bounded by compactness of G and continuity of f.

The Tietze extension f of f hence is bounded and on every ball Bz_;(0) D G the function
f is uniformly continuous. Let 7 be a sequence of smooth mollifiers with the property that

Suppne = IB%%(O). Then fi(x) = (f *Uk:) ff — x) dy satisfies f, € C*® (]Rd)
and by uniform continuity of f on By (0) we ﬁnd for every z € G C Br_1(0)

sup | fi () — [ (2)] < sup/ |Fy) = F@)|m(y—2x)dy < sup  |fly)— f(z)] =0
zeG zeG z€G,yeBR(0)
lz—y|<f
as k — oo. O

In the following we write [|f||,, o := SUDzeac |f(2)]. Let g1, 92 € CYG;RY) N C?(G,RY)
both satisfying || f — gill ¢ < = vollo oc- In a first step, we obtain

||g1 - g2||oo ,0G — ||f g2||oo ,0G + ”gl f||oo dG — 2 ||f yo”oo ,0G *

Furthermore, we find

1f = wllcoe = If = gillsoe + 191 = ollc o = 3 I - Yollsooe + 191 = vollso,06
and hence [|f — yoll 00 < 3 g1 — Yol s,0¢- In total we find

91 = 2ll0 06 < 191 = Yol o 06
and by Rouché’s Theorem
0 (91, G, 90) = 0 (92, G, wo) -

In particular, the following definition is well-posed.

Definition 1.1.17. Let G C R? be bounded, open, f € C(G;R?) and y, ¢ 0G. For
g € CY(GR) N C*(G,RY) with || f — gll o < 3 If — woll, define
0 (fa nyo) = D(ga GﬁUo) :
Lemma 1.1.18. The degree of Definition 1.1.17 satisfies (d1)—(d5).
Proof. Properties (d1), (d3) and (d5) follow immediately from the definition and the corre-
sponding properties for differentiable f.
Now, let g, — f in C(G; Rd) Then ? (f, G,v0) = 0 (gx, G, yo) # 0 and hence there exist

2 with gi(zx) = yo and zo € G with zx — xo. Then |f(x0) — gr(zx)] < [f(x0) — f(x)] +
| f(xx) — gx(zx)| — 0 and hence f(xo) = limy gr(zx) = Yo.

Let h € C([0,1] x G;R?) and y € C ([0, 1]; RY) with R = {(¢, h(t,z)) : = € 0G, t € [0,1]}
and Q = {(t,y(t)) : t €[0,1]} and let e < 1dist (R, Q). Then there exists h e C*([0,1] x

G ]Rd with H H <1 7€ and hence

o(hlt,), G,y(1)) = (h(t, "), G, y(t))

and the statement follows from Theorem 1.1.12. (]
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1.1.4 The Degree in Infinite Dimensions

In what follows we will consider Banach spaces 2" and functions f =id+g, where g : 2 —
2 is a compact map. This has to be understood in the following sense.

Definition 1.1.19. Let 2", % be Banach spaces and let A C 2. A function g: A — ¥ is
compact if it is continuous and g(B) is compact for all bounded B C A.

Since % is complete it holds A C % is compact if and only if A is precompact. This
means that for every £ > 0 there exists a finite covering of A by balls of radius €.

If A in Definition 1.1.19 is bounded, it hence suffices to claim g(A) to be precompact,
since closed subsets of compact sets are compact.

In finite dimensions, a continuous map f is compact if and only if its range is bounded
(due to the Heine-Borel Theorem). In infinite dimensions, a continuous function is compact
if and only if it can be approximated by compact finite dimensional functions.

Notation 1.1.20. Denote C(A; %) the family of compact mappings from A to #'.

Lemma 1.1.21. Let A C Z be closed and bounded. Then the function f : A — % is
compact if and only if there exists a sequence of functions (fn),cn @ A — % such that
fo— [ in C(A; %) and span (fn(A)) is finite dimensional and bounded.

Proof. Let f be compact. Then f(A) is compact and for ¢ = % there exists a finite covering

JCA) € |UB- (flaw) -
k=1
We chose a partition of unity (¢r),_; g With ¢5(y) = 0 iff y & B. (f(z1)). Defining
fal@) =t (f(@)) flan),
k=1

every span ( f,,(A)) is finite dimensional and every f,, is continuous. Moreover, since () ,_,
0 if and only if f(x) € B, (f(xx)) we find for every z € A

.....

K

Z% (f(z)) (f(zr) = f(z))

k=1

If(z) = fal@)l| = < D e (f@) () — f@)] =e.

f(2)€Be(f(x1))

Vice versa, let f, — f in C(A;%') be bounded with finite dimensional span (f,,(A)).
Given € > 0 chose n such that || f, — f[|o(4.0) < 5. Furthermore, let (]B%% (fn(xk)))kzl . be

a finite covering of f,,(A) (which exists by the Heine-Borel Theorem). For every x € A there
hence exists zy such that f,(z) € Bs (fu(zx)) and thus

1 () = Falz)lly < 1F(2) = fal@)lly + 1fa(2) = falze)lly < e,

which implies f(x) € B, (f,(zx)). This implies precompactness of f(A). O
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The property that continuous functions map compact sets onto compact sets is of topo-
logical nature. In Banach spaces, we moreover have the following important property.

Lemma 1.1.22. Let G C 2 be bounded, g : G — X compact. Then f :=id + g is closed
and proper (the preimages of compact sets are compact).

Proof. Let A C G be closed and let f(z,) be a sequence in f(A) such that f(z,) — y
converges. We have to show y € f(A). We first note that f(z,) = =, + g(x,) and since g is
compact, we find w.l.o.g. g(z,) — y, implying convergence of x,, = f(x,)—g(z,) = = y—y,
and closednes of A implies © € A. Moreover, by continuity of f we find

flxn) = flx)=2+y, =y € f(A).

Hence, f(A) is closed.

If B C f(A) is compact and y, = f(z,) — vy is a convergent sequence in B, we find
g(x,) — y, along a subsequence and hence x, = y, — g(z,) - y —y, = r € G and
continuity of g implies y = z + g(z), i.e. x € f~Y(B). O

The definition of the degree in infinite dimensions is now based on the following result.

Lemma 1.1.23. Let G C R? be open and bounded and let m < d. Writing E™ := R™ x
{0}y Cc R, let w = E™ — R™ and 7 : R™ — E™ be the identifications. For every
f=id+ g with g € C(G; E™) let yo € E™ with yo € f(OG). Then

Opa (f,G,yp) = 0gm (mo fom™ m(GNE™), myp) .

Proof. W.lo.g. let g € C'(G; E™) and let yo be a regular point. According to (1.6) it suffices
to show signJ(z) = signJ«(m(x)) for f* = 7w o f on* and for every z € f(yy). We also
write g* = 7 o g o m*and obtain

( idgm +Dg* 0

In particular, note that also the sign coincides. O

Based on the last lemma, we are able to generalize the concept of degree to infinite
dimensions. Due to Lemma 1.1.22 f(0G) is closed and hence for yo ¢ f(OG) we infer
that ¢ := %dist (yo, f(OG)) > 0. According to Lemma 1.1.21 we can approximate g by a
finite dimensional g. with ||g — ga||C(G;%) < z and E, := spang.(Z). For given f, yo and
e > 0 let g1, g2 be two such functions with E; := spang;(Z"), i« = 1,2. Furthermore, let
F =span (Ey U Ey) € 2. W.lo.g. we assume yy € E1 N By and Lemma 1.1.23 yields

o (fileina, Bi NG, y0) = 0 (filrna, F NG, y0) -

Furthermore, we find

2 2 . .
[ f1 = foll < 3 gdlSt (vo, F(0G)) < dist (yo, 1(9G)) .
Now, Rouché’s Theorem yields

0 (filrre, F NG y0) =0 (folrna, F NG, y) -

In particular, the expression
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Definition 1.1.24.
D(f7 G,y0> = 0<fs|EaﬂGvE€ﬂG7y0) (18)

is well defined and independent from g. as long as ||g — g¢|| c(G2) < 5 for compact finite
dimensional g..

Theorem 1.1.25. The degree from Definition 1.1.24 satisfies (d1)—(d5).

Proof. The properties (d1), (d3) and (d5) (i.e. whole number, norming and joining proper-
ties) are satisfied by definition of 0 and Rouché’s Theorem.

In order to see (d2) let 0 (f, G, y0) # 0. Let gx be a sequence of finite dimensional functions
gr : G — By, B, C Z finite dimensional space, such that g, — g in C(G; 2"). Then for every
k there exists x, € G such that yo = z1, + gx(xy). Since g(x) — y, along a subsequence
(compactness) and g, — g uniformly, we find [|gr(zx) — g9(zi)ll o < gk — 9l ooy — 0.
Hence

T = Yo — gr(Tk) = Yo — go =: To
and by continuity f(x¢) = yo.

In order to verify (d4), we note that we demand h(-,t) = id + g(-,t) where g € C(G x
[0,1]); Z7) is compact. The function K(t) := dist (y(t), h(0G,t)) is continuous and hence
attains its minimum Ky > 0 over [0, 1]. Due to compactness of g there exist a finite dimen-
sional approximation g, — ¢ in C(G x [0,1]; E}), Ex C £ is a linear subspace and where

we demand .

9t = 9le@xions ) < 5750-

Furthermore, the continuity of y implies compactness of y([0, 1]). We hence observe that y(t)
can be approximated by a finite dimensional piecewise affine curve y with |y — il ¢ 0.7,y <

1
K.
24 .
For fixed ¢ we obtain by Lemma 1.1.23 that (uppon extending Ej to Ey(t) := Ey ®Ry(t))

0 (B (1), GO E(®).y() = (b (,8),6 0 Bee()) (1.9)

Now,
0 (hi(+,t), G N Eg,yp(t)) = const

and according to its definition in (1.8) and (1.9), the same holds for the degree
0 (h(-,t),G,y(t)) = const.

1.1.5 The Hopf Theorem

Given ¢ : S 1 — S?%! there exist various possible extensions » : B¢(0) — B¢(0). In the
right coordinates, e.g. v = e4, the expression Ase; = ((—1)j+d det (O1f™)24 m#) depends

only on tangential derivatives of ¢ and hence the degree in (1.3) depends only on . Hence,
one can define

deg(p) :=10 (@, B%(0), O) .
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From (d4) we know that two homotope functions ; and ¢, share the same degree deg(y;) =
deg(ps). The opposite holds true, too. Without any proof (which is lengthy and rather
topological) we provide the following result:

Theorem 1.1.26 (Hopf). For any two continuous maps @1,y : STt — S there holds

deg (1) = deg(p2) & 01~ 3.

We refer to [6] for a prove of this theorem below. The particular benefit of Hopf’s theorem
is that one immediately obtains a characterization for a function ¢ : S*! — R%\ {0} to be
essential or not by moving to ¥ = ¢/ |¢|.

Definition 1.1.27. Let 2" be a Banach space and S, the unit sphere in 2. Let

p: Sy — 2Z\{0}, p=id+g, geC(SxZ). (1.10)

© is called essential if for every g € C (BfK(O); %) with gls, = g the function p :=id+ g
has a zero in B{ (0). If this will not cause confusion we sometimes identify ¢ with @.

In what follows, we discuss some properties of essential functions and provide an infinite
dimensional version of Hopf’s Theorem.

Lemma 1.1.28. Let ¢y be essential and let ¢ be of the form (1.10) such that ¢ ~ ¢1. Then
@ 1s essential.

Proof. We show that if ¢ is not essential then also ¢, is not essential. B
Let ¢ =id+g and ¢; = id+g;. Let G be the homotopy from g to ¢g; and G the extension

of the homotopy to B (0) and let h :=id + G. Let

A= {xexaafaonate[o,u : h(x,t):o}.

The set A is closed by continuity of h and A NSy = 0. We chose 7 : B (0) — [0,1] with
Tls,, = 1 and 7|4 = 0. Define h*(z,t) = h(x, 7(x)t) then h*(z,t) = h(x,t) if z € Sy and
h(z,0) = h*(x,0) and

h*(z,t)=0 = z€A = 1(x)=0.

And hence
0=nh"(z,t) =h*(z,7(x)t) = h(z,0) .

Since ¢ is not essential, we can chose h(-,0) in a way that h(z*,0) # 0 for every 2* € B{ (0).
On the other hand, if ¢, is essential, there is at least one element of A. But this is a
contradiction. ]

One particular difficulty in the context of infinite dimensions is the question how to move
from general ¢ : S — 27\ {0} to functions S* — S#*. However, since in finite dimensions
the two situations are equivalent in the sense that the latter case implies the first one, we
restrict only to the first setting.
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Lemma 1.1.29 (The Hopf theorem in infinite dimensions). ¢ of the form (1.10) is essential if
and only if 0(p, B{ (0),0) =: deg(y) # 0 (which is independed from the particular extension).

Proof. Let p, and @, be two extensions of ¢. Then h(z,t) = tp, + (1 —t) P, is a valid
homotopy.

If 9(, B (0),0) # 0 the function ¢ is essential by (d2).

If 9(, B (0),0) = 0 let € > 0 be small enough and g; be a finite dimensional approx-
imation of g with values in a finite dimensional space Fy C 2. We can assume w.l.o.g.
g1 € CQ (B)

By Definition of the degree it holds with B := B (0) N E, = B (0)

2 (7.BY (0),0) =0 (3|, B,0)

Since n(z) := ||z + g1 (z)|| is strictly positive on 0B, we can extend it to a strictly positive
function on B and use the homotopy h (x,t) = % to a function 1 (x) with ¢ : S —

S#1. But now Hopf yields 0 (¢, B,0) = 0 (y, B, 0) for any y € S¥! and hence 1 is homotope
to some non-essential function. But then also ©; is not essential by Lemma 1.1.28. Applying
the Lemma again, we infer that © is not essential. O
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1.2 Applications of the Degree

1.2.1 Extension Theorems

Theorem 1.2.1 (Tietze). Let X be a metric space and A C X be closed. Further, let % be
a Banach space and g : A — % be continuous. Then there exists a continuous extension

g: X = conv(g(Ad) Cc¥, gla=yg.

Here convB is the convex hull of B in %.

Remark 1.2.2. 1. It suffices to choose % a topological space.
2. If g is compact it is possible to construct g as a compact function.

Proof. For every z € X\A let 6(z) := idist (z,4) > 0. We may choose a locally finite

covering (B; = Bg(xj)(azj))j of X\ A and a corresponding partition of unity
dist (x, X\ B,
(@) = et D)
>, dist (z, X\B)

For every B; there exists a; € A such that dist (a;, Bj) < 2dist (A, B;). Then, the function
_ gl reA
glx) = )
Zj 77;‘(95)9(%') v ¢ A

is continuous on X \0A. It is evident that g(X) C conv (g (A)).
It remains to show continuity of g in 0A. Let xy € 0A and x € X\ A. Then

lg(xo) — g(@)lly < sup {llg(z0) — g(a;)ll, : for jst. z € B;} .

For j such that x € B; we find dist (4, B;) < dist (z,z¢) =: ¢ and hence by definition

6(x;) < %dist (z;, A) < — (dist (B}, A) + (x;))

N[ —

implying

Taking all together, we obtain

dist(a;x¢) < § + dist (a;, z)
S 5 + dlSt (aj, BJ) + (S(.’L'j)
< §+2dist (A4, Bj) + 0(z;) <49.
This in turn implies that a; — x¢ as 6 — 0 and hence g(z) — g(zo). O

Lemma 1.2.3. Let W C R? be a cube and K C W compact. Let g : K — R™\{0} be
continuous with m > d. Then g can be continuously extended to a function

G: W — R™{0}.
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Proof. Define ¢ = inf,cx |g(x)| and let g; be an extension of g to R? according to Tietze’s

Theorem. We choose g € C*(W;R™) such that g —g1| < e for £ > ¢ > 0. go(W)

is a hypermanifold in R™ and hence has Lebesgue measure zero. Moreover, there exists
Yo € B, (0) such that dist (0, go(W) — 39) > 0. Without loss of generality, we assume 3y = 0.

Now, introduce
3 3c
=t t< =
n(t) := {20 s

1 t>2c

and set gs(z) := (g2() — %) 7 (|92 (r) — %) ~" + yo. Then |gs| > jc with g5 = g, on K and
hence |g3 — g| = |92 — 9| < e on K. B

We may now extend v := g3 — g as a function K — BZ(0) to a function ¢ : W — B%(0).
Hence

g5 — | > |gs| — |[¢] Zg—s,

and for € small enough we discover that g3 — v is the required extension of g. O

Definition 1.2.4. A set G C R? is called symmetric if G = —G. A function f: G — R% is
called odd if f(—z) = —f(x) for every x € G.

Lemma 1.2.5 (Odd Extension Lemma). Let D C R? be open, bounded and symmetric such
that 0 ¢ D. Let g : 0D — R™\{0} be odd and continuous with m > d. Then there exists a
continuous odd extension of g such that

G: D —R™J{0}.

Proof. For d =1 the statement is obvious.
Assume the statement was true for d — 1 > 1 and prove the statement for dimension d.
To this aim, let Dy := D N {zy =0} C R*!. Then, g: Dy — R™ can be extended to Dj.
Defining D, := D N {x4 > 0}, the function ¢ is now defined on 0D, and hence can be
extended to g : Dy — R™\{0} using Lemma 1.2.3. By g(—=z) := —g(z) if z4 < 0, the
function can be extended to D. O

1.2.2 Fixed Point Theorems

We recall the following result.

Theorem 1.2.6 (Banach fixed point theorem). Let (X,d) a complete metric space and
v : X — X a contraction, that is

da € (0,1) : Ve,y e X @ d(p(z),¢(y)) < ad(z,y).

Then there exists a unique o € X such that xo = ¢(xg) and for every yo € X the sequence
Yk := ©(yr—1) converges to xg.

In this section we seek for alternative fixed point theorems. The first one is the Schauder
fixed point theorem
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Theorem 1.2.7 (Schauder’s Theorem). Let 2" be a Banach space, K be bounded, closed
and conver and let g : K — K be continuous and compact. Then g has a fixed point. This
also holds if K is homeomorphic to a closed convex set.

Proof. Let K = B =B,(0) and f :=id — g, yo = 0 and G := B. Every fixed points of g is a
zero of f. If f has a zero on 0B, we are done. Otherwise it is sufficient to show

2(£,G,0) £0.
The function h(x,t) = x — tg(x) is a valid homotopy since
[h(z, )]l =1 —t]g(z)ll, 21 —1>0

for every x € 9B and t # 1 and since f has no zeros on 9B this also holds for t = 1. Because
of (d4) and (d3) we find ? (f,G,0) =0 (id,G,0) = 1. Hence f has a fixed point.

In the general case we can use Tietzes Theorem 1.2.1 to extend f to g : B — K and
Lemma 1.2.7 yields a fixed point of g which necessarily lies in K. In case K is homeomorphic
to a convex set in B and @ is the homeomorphism, consider ® o g o ®~! instead.

m
A special case is the Brouwer Theorem, which is an immediate consequence.

Theorem 1.2.8 (Brouwer’s Theorem). Let K C R? non-empty, compact and convex or
homeomorphic to such a set. Let g : K — K be continuous. Then f has at least one fixed
point.

Let us now turn to a fundamental existence theorem for ordinary differential equations in
Banach spaces. It will be based on the following generalization of the Arzela Ascoli theorem

Theorem 1.2.9 (Arzela-Ascoli theorem for Banach valued functions). Let % be Banach
spaces and let A C C([0,T);%). Then A is compact if and only if

?1611};) 1 fleqomya) < o0, Vi e [0, 7] : {f(t) : fe A} isprecompact

sup [ f(t) = f(s)lly = 0 as [t —s[ = 0.
feA

The proof is similar to the finite dimensional case, using precompactness of { f(t) : f € A}
instead of Helly’s theorem.

Theorem 1.2.10 (Peano’s theorem). Let f : [0,T] x Z — Z be compact. Then, for all
initial data u(0) = ug, there exists a solution small times to

a(t) = f(t,ult)). (1.11)

Proof. From small t, and r > 0 we find boundedness of f on M := [0,to] x BZ (ug), i.e.
[fllear < C- Hence, f(M) is compact and a solution of (1.11) satisfies

u(t) = ug +/0 f(s,u(s))ds. (1.12)
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We use this to define the operator

Su(t) := ug +/0 f(s,u(s))ds

and observe that [[Su — uol| (o 4).2-) < toC. In particular, defining

A= {U € C([0,t0); Z) = u(0) = uo, [[ullc(o o2y < Cto} ’

we find S : A — A. Provided S is compact, Schauder’s theorem yields existence of a solution
to (1.12).

Evidently, sup,ea [[Sullo(ur, ) < 00 and for every t € [0,to] we find {Su(t) : u € A} is
precompact. Furthermore, we find

||Su(t1) — Su(tg)H < C‘tl — t2’ — 0 as ‘tl — t2’ — 0.

The compactness of S(A) and hence of S follows from Theorem 1.2.9. O

1.2.3 Borsuks Theorem and the Hedgehog Theorem

Theorem 1.2.11 (Hedgehog Theorem). Let d be odd let 0 € G for the bounded open domain
G C R Then, for every continuous f: OG — RN\{0} there exists v € OG and \ € R such
that f(x) = Ax.

Proof. Let f: G — R? be an extension by Tietze’s Theorem. Since d is odd, we know that
(—-id,G,0)=-1.
Now, assuming 0 (f, G, O) # —1 the function

h(z,t) = (1—1t) f(z) —ta

cannot be a valid homotopy in the sense of (d4). Hence there exists x € dG and ¢ € [0, 1]
such that _
0=h(z,t)=(1—1t) f(z)—tx.
Since t € {0,1} is excluded, we find A € R\{0} such that f(z) = Ax.
In case 0 ( I, G, O) = —1, we may perform the same calculation with id. O

Theorem 1.2.12 (Borsuks Theorem). Let 2" be a Banach space and let G C 2~ be sym-
metric with 0 € G and let f : G — 2 continuous with 0 &€ f(OG) and of the form f =id+g

for some compact g. Furthermore, let Hf{gﬁ% #+ ”f{:;f% for all x € 0G. Then d(f,G,0) is
odd.

A particular case of Borsuks Theorem is the case when 2" = R? and f(z) = —f(—x),
for all x € 0G, i.e. f is odd. We will see in the following proof that the general case always
reduces to this particular case.
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Proof. The function g(z) := 3 (g(x) — g(—x)) is odd. We show that
h(z,t) =z + (1 —t)g(z) + tg(z)

is a valid homotopy between id + ¢ and id + g. This follows from the fact that h(z,t) =0 is
equivalent with

o (1-5) 6t + ) = S a0~
o (1 - g) o) = L ().

Since there exists ¢ with (1 — %) (%)71 = If (=)l o |1 f(2)]|5,* we conclude 2 & OG.

Thus, it suffices to consider odd compact functions ¢g. Furthermore, by the definition of
the infinite dimensional degree, we conclude that it is sufficient to consider finite dimensional
image of g and hence, we can restrict to finite dimensional spaces 2~ = R%.

We chose ¢ > 0 such that ES(O) C G. Let fia(x) = f(z) if x € 0G and fiu(z) = x if
x € OBY. Since both f|se and id|spe are odd, we can extend

fia: O (G\IB%?(O)) N{zg =0} = RN{0}
by an application of the odd extension Lemma 1.2.5 to an odd function
fia : G\BL(0) N {zy =0} — RN\{0}.

Now we apply Tietzes theorem and extend fiq to G\B4(0) N {z4 > 0} and using fia(—z) :=
— fia(x) in case x4 < 0, we have thus extended fiq to an odd function

fia : G\BZ(0) — R\{0} .

Since 9(g, G, 0) depends only on gs¢ (at least for twice continuously differentiable functions),
we obtain by (d3) and (d5) that

0 (f.G,0) =0 (fia, G,0) =0 (fia,BL(0),0) + 0 (fia, G\BZ(0),0)
=140 (fa, G\BZ(0),0)
=1+ 20 (fia, (G\BZ(0)) N {4 > 0},0) .
This implies that 0 (f, G, 0) is odd. O]

The next result is the weather theorem. In a folkloristic way, it states that there are
always two antipodean points on earth with same temperature and pressure.

Corollary 1.2.13 (The weather theorem). Let G C R? be open, bounded and symmetric
and let 0 € G. Form < d let f : G — R™ be continuous. Then there exists v € 0G with

fz) = f(=x).
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Proof. Since m < d we may assume that f has values in R? by setting (f;(x)),_ —mit,.a =0

Assume now that g(z) := f(r) — f(—) had no zeros on dG. Extending g to g : G — R%,
the Borsuk Theorem yields 9(g, G,0) # 0. Due to the homotopy property, we furthermore
conclude ? (g, G, deq) # 0 for sufficiently small §. By (d3) this is a contradiction with g; =
0. ]

In the following, one may associate with A;, As and Az bread, cheese and ham. The
following theorem states that a sandwich can always be cut into two parts such that all three
ingredients are simultaneously divided into equal parts.

Corollary 1.2.14 (The sandwich theorem). Let Ay, Ay and Az be measurable subsets of R
with finite Lebesque measure. Then there exists a plane that cuts all three sets into two equal
parts.

Proof. Let x € S%.. We consider E,(t) the plane in ¢tz that is orthogonal to x. Furthermore,
we define
A (e, t) ={ye€e Ay - y-o<t}, k=123

the set of all elements in A, that lie “below” E,(t). This can be seen from the y € Ay _(z,t) if
and only if (y — tz) -z < 0. We furthermore denote Vi _(z,t) := |Ag _(x,t)] and Vj 4 (z,t) :=
Al — [Ag(,1)].

Since Vi 1 (x,t) are monotone in ¢ and sum up to |Ag|, there exist —oo < t;(z) < ta(x) <
+o0o such that E,(t) cuts Az into equal parts if and only if ¢ € [t1(z),t2(2)]. We define
to(x) == 3 (t1(2) + t2(x)) (remark that to(z) = —to(—z)) and consider

Vi—(x) == Vi _(z,to(x)) = Vi1 (—x, —to(2)) = Vi s (=2, to(—2)), k=1,2

the volume of all elements of A, that lie “below” E,(to(x)). Vi _(x) depends continuously
on x and according to the weather theorem there exists zy € S? such that

Vi (@, to(x)) = Vi (x) = Vi - (—2)
= Vi (=, to(—2)) = Vir(z, —to(—2)) = Vier (2, 10(2)) -

This yields that E,,(to(xo)) is the desired plane. O

Theorem 1.2.15. Let 2" be a Banach space, G C Z open and f: G — 2 continuous and
locally injective. Then f is an open map.

Proof. Assume without loss of generality 0 € G and f(0) = 0. For arbitrary r > 0 we have
to show the existence of 6 > 0 such that Bs(0) C f(B,.(0)). W.Lo.g. we can assume that f is

injective on B,.(0). Hence
—t
ha,t) = f<1+t)_f(1—+tx>

is a valid homotopy between f and the odd function h(z, 1) = f (lx) —f (—%x) Injectivity
implies that

h(z,t) =0 & —r=——x & r=0.
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Since 0 € f(0B,(0)) we obtain from (d4) and Borsuk’s Theorem
o(f,G,0)=2(h(-,1),G,0)#0.
Hence continuity of 9 implies that f(x) = y has a solution in an open neighborhood of 0. [J

Corollary 1.2.16. Let G C R be symmetric open and bounded with 0 € G. Let G be
covered by d closed sets (Ag),—y 4 Then one of the Ay contains two antipodes x and —zx.

.....

Proof. Assume there exists « € (), Ag. Since —z € A; for some [, we find z, —z € A;.
Assume the opposite, i.e. (), A = 0. Then we find

di(w) = dist(z, Ay),  and  d(z) == > di(x) > 0.

Consider f : 0G — R! defined through

o (- 45)

Due to the weather theorem there exists x such that f(x) = f(—z) and k € {1,...,d} such
that x € Ag. If k < d then 0 = di(x) = f(—z)d(z) and hence dy(—x) = 0 which implies
—x € Ay If v ¢ Ay for all k < d then di(z) = d‘?(_mgz) dp(—z) # 0 for all £ < d and hence
—x &€ Ag. This implies —z,z € Ay. ]
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Chapter 2

Calculus

2.1 Calculus in Infinite Dimensions

Let 2" and ¢ be Banach spaces. While the degree theory is focused on continuous functions
and (after approximation arguments) does not rely on any further regularity of the functions,
in this section we will deal with function with higher regularity than just continuity. In
particular, we will introduce a concept of differentiability of functions f: 2" — #.

In what follows, we will write £(Z", %) for the space of bounded linear functionals 2~ —
% . We recall from linear functional analysis that £(.27, %) with norm

| T
Tl =Tl g2 2y := sup -+
ze 2 \{0} |z

Z

is a Banach space.

2.1.1 Derivatives

Definition 2.1.1. A function f : 2 — % is (Frechet-) differentiable in zy € 2" if there
exists A € L(A, %) such that for

o(z) :== flzo + 2) — flzo) — Az

it holds
l(2) s

=0.
Izl =0 ||2]| -

The Frechet differentiability is a straight forward generalization of the concept of dif-
ferentiability in finite dimensional Analysis, while the Gateaux-differentiability is a straight
forward generalization of directional derivatives. In the same way as in the finite dimensional
case we have uniqueness of the derivative by the simple observation

1Az = Aszlly _ ler(2lly | le2(2)lly

< — 0 as ||z||,- — 0
121l o s

1211 2 121l o

27
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which implies [|A1 — As|| (4.5, = 0. Since the derivative of f in z € 2" is unique, we denote
it by Df(x) := A. The above concept can be generalized in a straight forward way to higher
derivatives: if the function Df : 2 — L(2Z"; %), x — D f(z) is differentiable we denote
D?f: 2 = L(XL(2;9)=L(X x 2:9),
D?f(z) : (v,w) — D*f(x) (v,w) ,

and say f € C*(G;%). The above notation might be irritating in view of the second deriva-
tive in case ¢ = R, which was studied in Analysis II lectures:

D*f(z): (v,w) — (v,D*f(z)w) .

However, the our new notation is more easy to handle below.
The infinite dimensional derivative satisfies a chain rule in the sense of Analysis II. In
particular, if f: ¥ — &, g: X — % we obtain

D(feg)(z)=Df (g(x)) o Dyg(z).
This can be shown by a similar calculation as in Analysis II. In particular, if
ef(2) : = flg(zo) + 2) — f(g(x0)) — Df(g(x0))z
pg(y) : = g(xo +y) — g(xo) — Dg(xo)y
then
Fg(xo +v)) = f(g(20)) = D (9(x0)) (9(x0 + y) = g(20)) + ¢ (9(x0 +y) — g(0))
=Df (9(z0)) (Dg(zo)y + ¢4(y)) + ¢5 (9(z0 +y) — g(z0))

and continuity of g and Df (g(zo)) it follows that

lim —— [IDf (9(z0)) 04(4) + ¢ (90 +4) — g(zo)
v50 Tyl
o les @ - o J9(zo +y) = g(@o)l| s (9(@o +y) — 9(z0))|
=l DO T FEEmErEn]
—04+0.

The chain rule also opens the door to the definition of directional derivatives. In particular,
if g: R — 2 is given by t — x¢+tz. Then we obtain for every differentiable f € C'(2"; %)
D(fog) =(Dfog)Dg = (Dfog)x. In the particular case # = R we find Df(zg) € Z™*
and hence

D(f og) = (Df(w0), @) 5 o

where (Df(z¢), *) . 4 is the dual pairing between D f(xo) and z.

Definition 2.1.2. A function f: 2 — % is called Gateaux-Differentiable if for all g : R —
2 given by t — xg + tz, the directional derivative D(f o g) exists.

In what follows, we will only deal with the concept of Frechet-differentiability. We close
this section by the following

Lemma 2.1.3. Let 2, % be Banach spaces and let f € C(Z";%) be compact in an open
ball BY (x0). Then Df(x¢) € L(2;%) is compact.
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Proof. W.lo.g. let 2o = 0 and f(x¢) = 0. Writing A := D f(x), we have to show that every
bounded sequence (xy) wen has a subsequence xys such that Axy converges. The differentia-
bility of f implies for

U(x) = p(a) 2] 7" = |z (f(2) — Ax)

that ¥(z) — 0 as x — 0. Hence for every n € N there exists §(n) such that

| F0m)ae) — 6(m) Azl < - 6(n)

By compactness of f we can extract a subsequence xy, such that f(0(n)xy,) converges and
for k,,, big enough we find

1
Litm) > 176 0n,) — FGm)a,)l
> [(n) A, — 6(n) Az, Ly~ 25(n).
which implies

1
|Axy, — Az, ||, < 3—.
n

using a Cantor argument, we obtain that Az, — y along a subsequence. O]

A warning is in place here by the following

Lemma. Let 2 be the set of Null-sequences with the absolute norm |||, i.e.
X = {(xk)keN : klim T = 0} , H(xk)keNHoo := sup |zl ,
—00 keN

and let F': 2 — 2, v = (2)pey — (@) 1en. Then F e CH (25 27) and for every v € 2
the map Df(x) is compact, but F' is not compact.

Proof. Let ¢! € 2" be the sequence with 1 at the i-th place and 0 else. Then F(e') = e’ and
|e" —e?||, = 1—6;;. In particular, {F(e’)},. does not have a convergent subsequence and
hence is not compact.

However, it is differentiable:

F(.CE _'_ y) = ([l'k + yk]2)k€N = (xi)kEN _'_ (kayk>keN + (y]z)kEN
= F(z) + 22y gy + F(y) -
Now, observe that

1 2
lim —— || F(y)|, = lim supy (1) = lim sup |yx| = 0.
v=0 [|y][ o y=0 supy |ye|  v=0

Hence Df(z)y = (22xyk)yen. The operator Df(z) is compact because for

Agy = (2a ; ap 1=
¢ ( kyk)kEN g {0 else
it holds
Iyl I(Ax = Df(x)) y| Szuglxk\ -0 as K —0,
>
i.e. Df(x) can be approximated by finite dimensional A. O
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2.1.2 The Euler-Lagrange equation

We consider a standard minimization problem: Let w : [-1,1] — R be a continuously
differentiable function satisfying u(—1) = u(1) = 0. More precisely, we consider

Hy(-1,1) :={ue H'(-1,1) : u(-1) =u(l) =0} .

The length of the curve is given by

1
:/ J1+ |9,u(s)Pds,
—1

while the (signed) area between u and the s-axis is given by

1
F(u) :/ u(s)ds.
-1
We want to maximize L(u) under given F' = F(u). Note that for any two functions u,us €
Hi(—1,1) with F(u;) = F(ug) this implies fjl u1(s) — ug(s)ds = 0. In particular, for given
ug € Hi(—1,1) with F(ug) = Fy it suffices to maximize L(ug + v) with respect to

veHp,:= {U € Hy(-1,1) : /

-1

1

(s)ds =0}

In such a maximum vg € H 1,0 it holds

Yv € H(low : DL(ug+ vg)(v) =0. (2.1)
Since
DL(U0+U0 / ) U= Ug + v,
Ly/1+ |8 u(s
(2.1) implies that 0, T(()I = Kj. Since u(—1) = u(1) = 0 we can furthermore assume

u(—1+ x) = u(1l — z) and integration over x yields

1
u(z) = Kowl_KQﬁ

and hence v describes a circle.

2.1.3 The Implicit function theorem
Theorem 2.1.4. Let 2", %, & be Banach spaces, let

f: X x¥DOU—=Z

be continuous in U and let (xo,yo) € U be such that f(xo,yo) = 0. Assume that Dy f exists
and is continuous a neighborhood of (zo,vo) and that Dy f(xo,yo) is an isomorphism. Then
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1. There exists r > 0 and a uniquely determined function u: B (yo) — 2 such that
ulyo) =0 and Wy B (yo) : [ (u(y),y) =0.
2. For every p > 1 holds f € CP(U; Z) implies u € CP(BY (yo); Z°) and

Dyu(y) = — Do f (u(y), y)] " Da f (uly),y)) -

In order to prove this theorem, we need the following Lemma.

Lemma 2.1.5. Let 2" and % be Banach spaces and let A : X — % be a linear isomor-
phism. Then for every linear B : 2 — % with ||B|| ||[A7Y|| < 1 the operator A+ B is an
1somorphism.

Proof. Writing B = A~'B we may assume that A = id. If y; + By; = y» + By» we obtain
the contradiction||y; — yz|| = || Byr — Bye|| < ||B|| lly1 — v2|| < ||[y1 — y2||. Hence id + B is an
isomorphism. The inverse operator theorem states that (id + B)_1 is continuous. ]

Now we prove Theorem 2.1.4.

Proof. W.l.o.g. zg =0 and yo = 0. For A := Dy f(0) we consider the residual estimate for

flaz,y) =0 & Ax = —f(z,y) + Az =: R(z,y) = ()
v=A"R(x,y) = g(z,y).
With the aim to apply Banach’s fixed point theorem, we show that g(-,y) is a contraction

for y € B,(0).
For e > 0 with ¢ ||[A™!|| < 5 we calculate

R(xhy) - R(‘T27y) = A(xl - :E?) - (f(l'l,y) - f(x27y))

— Ay — 1) — /0 Doy f (t21 — (1 — £)) dt (21 — 12)

= /0 (D2 f(0,0) = Dy f (twy — (1 — t)az) dt] (21 — 2)

Since Dy f is continuous, we find 7,6 > 0 such that [|[A — Dy f (z,y)| < € for ||z||,- < ¢ and
|yl 5~ < r. Then there holds

lg(z1,y) — gz, y)|| < |A7 ] 1R (z1,y) — Rz, v)||

< 3 ey =]
— ||z — 22| .
S 5l 2
If r is small enough there holds
1
900, 9)]| < 55

and hence

lgC, )l < llg(z,y) = 9(0, )| + [lg(0, y)|
1 1
<z — - .
<5 llz =0l +50 <9

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 32

In particular, g(-,y) : B — Bf is a contraction for every y € BZ(0). This yields unique
existence of a fixed point z =: u(y) of g(-,y).
Since ¢g(-,y) is a contraction, we obtain

Ju(ys) — w(y) |l < [lg(u(yr), y1) — g(u(y2), va)|l
< lg(uyr), y1) — g(u(ya), y)ll + llg(u(ya), y1) — g(ulyz), v2)||
< % lu(yr) — w(y2) || + [lg(uy2), y1) — g(u(y2), y2)ll -

The first term on the right hand side can be adsorbed on the left hand side, while the second
term on the right hand side converges to 0 for y; — yo — 0 due to the continuity of g. Hence
the first part of the theorem is proved.

In order to prove differentiability of u, let y and y + d, be in BZ(0) and let 6, = u(y +
dy) —u(y). Since f is differentiable, we obtain

1f (u(y +6,),y +0y) — f (u(y),y) — Do f(u(y), y)ou — Da f(u(y), y)0yl| < @(du, ).

By the characterization of u, the first two terms in the norm vanish and we have

=D f(u(y), y)du — Dav f(u(y), )yl < @5(0u,dy) -

By continuity of Dy f(x,y) in (0,0) and Lemma 2.1.5 it follows that D 4 f(u(y), y) is invertible
for small r with bounded inverse. Hence, applying D4 f(u(y),y) ! to the above calculation
yields

|0+ Do f(u(y), y) " Do f(u(y), y)dy|| < ||Daf(uly), y) || £5(6u,6y) -

We write B := =Dy f(u(y),y) 'Da f(u(y),y) as well as A, := Dy f(u(y),y) and find

1” ‘Pf<5méy)
10ull o + 110yll 5

16, — Ba, || < [|A” (s = Byl - + (1 + [1BID 3,11, -

Due to differentiability of f there exists r small enough such that

1A~ 9 (S, Jy)
10ull o + 119yl

1
<_7
-2

and we obtain

1H ‘:Of((suafsz)
[u(y + 6y) — u(y)ll 5 + 10,5

The right hand side has the property that

lim 2[4~ 2100 0)
00 luy + 6y) = u@)l 5 + 10yl 5

luly +8,) — uly) — Bo,|| < 2[|A~ L+ [1BID 10yl -

(L +[Bl) =0

and hence y — u(y) is differentiable. Higher differentiability follows from the representation
of Doyu. ]
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Theorem 2.1.6 (Inverse function theorem). Let f : & DU — % be CP, p> 1, 20 € U
and f(xo) = yo. If Do f(x0) is an isomorphism, then there exists r > 0 and a uniquely
determined continuous function u : B (yo) — 2 with u(yo) = xo and such that f(u(y)) = y.
The inverse is of class CP.

Proof. Write F(z,y) = f(z) —y and solve F(x,y) = 0. It holds Dy F(xg,y0) = Do f(x0)
and apply the implicit function theorem. O

Example (A counterexample). Consider a € (0, 1) and

o ozx—i—szin(%) if x £0
f(x)'_{o ifo=0

One may verify that f is differentiable in R with f/(0) # 0 but f is not invertible in any
environment of 0. Why is this not a contradiction to the inverse function theorem?

Theorem 2.1.7 (Closed complement). Let 2~ be a Banach space and % C 2 a closed
subspace and Z C X a subspace with Z = % + Z. Then the following are equivalent:

1. There exists a continuous projection P € L(Z") with R(P) =% and ker P = Z.

2. Z 1is closed.

Based on Theorem 2.1.7 we make the following general statement.

Theorem 2.1.8 (Generalized inverse function theorem). Let f: 2 DU — % be C', 7 € U
and f(z) = g. If Dy f(Z) is surjective, then there exists §,r > 0 such that for everyy € B,.(7)
there ezist x € Bs(Z) with f(z) =y.

Proof. W.lo.g. let § =0 and £ = 0. Write A = Dy f(Z). The kernel 25 of A is closed,
hence Theorem 2.1.7 yields the existence of projections P: 2 — Zpand Q@ =1—-P: Z —
21 = QZ such that 27 is closed, A|y, — % is bijective and the splitting = = x + x; with
xg = Px is well defined. By the implicit function theorem, there exists g : 2y — £ such
that g(0) = 0 and

f(zo,21) =0 & xr1 = g(xo) -

Writing F'(xg, 1) := f (0, g(x0) + x1) we see F(x9,0) = 0 in a neighborhood of 0. Further-
more, F(0,) is C* with D4, F(0,0) = A, which is invertible. Hence we find a unique solution
of F(0,21) =y in a neighborhood of (0,0) € 27 x #. O

2.1.4 Continuous dependence of ODE-solutions on Data

We consider the following problem

where £ € 27, 0 € R, A € A, where 2" and A are Banach spaces.
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Theorem 2.1.9. Let f: R x 2 x A — Z be continuous and such that Dy f exists and is
continuous in a neighborhood of (0o, &, Ao). Then there exists T > 0 and a neighborhood U of
(00,0, Ao) such that for all (o,&,\) € U there exists a solution u(-;0,&,X) on (6 =T, 0+T).
If f € CF then

wueC" (o —T,o+T)x U, ) .

Proof. We consider the reparametrization u(t) = £ + U (t_T") and observe that the equation

for U reads 4
U =Tf (0 +Tr+U(7),))

with U(0) = 0. We define

o ={UeCY[-1,1;Z) : U(0) =0},
W =RxRxZ xA,
% =C-1,12),

and
F: A XYW - R

(U,(T,0,6,\)) — (f—TU —Tf(o+TrE+U(T),\)

The theorem is proved if we can solve the equation F' (U, (T,0,&,\)) = 0 for U. Hence, we
calculate

d
DMF (0, (0,0’0,50,)\0)) 4 —><@, U d—U,
T

where we used 7' = 0. Therefore, D, F (0, (0, 09, &0, Ao)) is an isomorphism (due to initial con-
dition U(0) = 0). The implicit function theorem yields U(T, 0, &, A) and the differentiability
properties. O

2.1.5 Global inverse

Theorem 2.1.10. Let f € CY (2 ;%) such that for every x € 2 : (Do f(x))™' € L(F; X))
and H(Dggf(x))_lH < al|z|]|+ 8. then f is a diffeomorphism, i.e. there exists a global inverse
g€ CHZ Z) and f € C* implies g € C*.

Proof. Step 1: Let z1,z9 € 2 with f(z1) = f(z2) = 0. Furthermore, let x(t) := tz; +
(1 —t)xg and ~(t) := f(x(t)). We observe that v(0) = (1) = 0 and for continuous u with

u(0) = u(1) = 0 the same holds for f (x + u). Hence we consider the spaces of cycles in 2~
and %

Coy :={ueC(0,1; Z) : u(0) =u(l) =0},
Cy ={we C(0,1;%) : w(0) =w(l) =0},

with the function
F:Cy —Cy, Flu):=flut+x).

This function is differentiable with derivative

Yoe €y : Dy, Flu)v=Dgflut+x)v.
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Hence we infer that
(D2 F ()| = [(Darfu+x) || < allull + 5,

where (3 depends only on «, 8 and y. We then consider the homotopy y(7) == 7y in Gy
and assume there exists a continuous u : 7 — €5, 7 — u(7) such that for every 7 € [0, 1]:
F(u(t)) = y(7). In 7 = 0 we then obtain

0= F(u(0)) = f(u(0) + x),

where (u(0) + x) (0) = x1, (u(0) + x) (1) = 2. Since the path (u(0) + x) is continuous, we
obtain that either z; = x5 or that f is not locally invertible around (z1,0) or (x9,0) (which
is a contradiction to the inverse function theorem).

Step 2: In what follows, we consider 2" and % but according to Step 1, the result
directly applies to 2" = €5 and & = %». W.lo.g. assume f(0) = 0. Given yo € ¥
consider y(t) := tyy and the set

M :={T € (0,00) : Az e C[0,T};Z) : z(0)=0,Vte€[0,T)f(zx(t)) =y(t)} .

We show that M is open, non-empty and closed, hence M = (0, 00). Together with Step 1,
this proves the theorem.
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First note that M is open and non-empty due to the inverse function theorem: For T small
enough, the inverse of f exists on B%yOH(O) and hence M is not empty. Given Ty € M with
z(t) and f(x(Tp)) = y(Tp), the local inverse of f in Tyy, exists and hence we can prolongate
z to T > Tp in a unique way, i.e. M is open.

We now show that M is closed: It holds

x(t):/O x’(s)ds:/o (Do f(2) " yods
= lz@ly < HZ/0|\@//O (a[|lz(s)

Qf‘f’ﬁ)ds,

which implies that x(t) remains bounded in finite time. Now let (t),.y C M be a sequence
with ¢, — 1. If C'= cyexp (o ||yol ,- 2T") we find ||2’|| ,- < aC + 5 on (0,T) and hence z(t)
is a Cauchy sequence, z(ty) — x*. Since f is continuous we obtain f(z*) = 3,7 and hence
T e M. [

2.1.6 Lagrange multipliers

We recall the standard minimization problem from Section 2.1.2: Let w : [0,1] — R be a
continuously differentiable function satisfying u(0) = w(1) = 0. The length of the curve is

given by
1
() :—/ 1+ |9uu(s)Pds
0

while the (signed) area between u and the s-axis is given by

A standard problem in geometric measure theory is: Minimize L(u) for given F'(u). We know
similar problems from Analysis II in finite dimensional spaces. There, the problem is solved
using Lagrange multipliers. Our aim is to generalize this ansatz to the infinite dimensional
setting.

Hilbert theory (skip in lecture)

Theorem 2.1.11 (Existence of Lagrange multipliers.). Let 2", % be Hilbert spaces and let
M cC Z open. Let E: M — R and ® : M — % be continuously differentiable. Let My :=
{reM : ®(x) =0} and let mg € My be an extremum of € in My. If Dy ®(my) : X" — ¥
18 surjective, then there exists X € % such that

Ve e Z Dy &(mo)xr = (A, Do ®(mg)x) . (2.2)
The proof makes use of the following results from linear functional analysis.

1. Let 2 be a Hilbert space, then every f € 2" can be represented by A € Z". In
particular, we obtain f(z) = (), x).
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2. Let Zy C 4 be a closed subspace of the Hilbert space 2 . Then the orthogonal space
21 L%, is also closed and 2" = 2y @ Z21.

3. The inverse functional theorem: If 27, % are Banach spaces and A € L(Z7;%) is
bijective, then A~ € L(%; ).

Proof. We consider 2y := kerD o ®(mg) C %', which is a closed linear subspace of 2 .
Hence 2" = Zy ® 27 for the orthogonal closed spaces 271 %2y and every x decomposes as
xr = x9+ x1. Since A := D4 ®(my)| o, is bijective, we find A~ € L(#; 27).

Hence, the linear operator f := Dy&(mg) o A~ : # — R is continuous and by 1. can
be represented as A € #: f(y) = (\,y). In particular, setting y = A~ z; we find

‘v’a:l c c%i : Dgfg(mo).]?l = <)\,A$1> .

For zy € 2y it holds (A, D o ®(mg)xo) = 0 and in view of (2.2) it remains to show D 4-&(mg)zo =
0. Indeed, for any path v with «(0) = mg and 7/(0) = ¢ we obtain by the maximum condition

d
0= T (€ 079) |i=0 = Da&(mo)xo

and it only remains to prove the existence of such a path.
Let W(zg, z1) = ®(mo+zo+21) with Do, U(0) = Dy ®(mo)|2, = A. Since A is invertible,
we can resolve x1 = x1(xg) and (t) = mo + tzo + x1(txg). Then

Y (t) = z9 — A Doy ®(mg)|2; = 70,
and the theorem is proved. O

The Theorem 2.1.11 is valid also in general reflexive Banach spaces. However, the general
proof is much more involved than the one we provided above. Therefore, we will restrict
ourselves to the following result.

Theorem 2.1.12. Let 2 be a reflexive Banach space and % be finite dimensional Banach
space and let M C 2 open. Let £ : M — R and & : M — % be continuously differentiable.
Let My :={xz € M : ®(x) =0} and let xg € My be an extremum of £ in My. If Dy ®(xo) :
X — X is surjective, there exists A\ € % such that

Ve e 2 Dy &(xo)xr = (N, Do®(xg)z) .

In the following proof, we will again use 1. and 3. from above and replace 2. with the
following Lemma. The most general case of the Lagrange-Multiplier theorem can be found
in the book by Kunisch and Ito on Lagrange Multiplier Approach to Variational Problems
and Applications.

Lemma 2.1.13. Let 2 be a Banach space, let A : 2 — R be surjective and denote
Zo = kerA C Z. Then there exists a d -dimensional 27 C 2 such that & = 2o ® 21
and a continuous projection P : X — 21 such thatid — P : X — Zy.

.....

-----

continuous. Moreover A(x — Px) = 0, hence © — Px € 2 and x = (v — Pz) + Pu. O
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We will later generalize the last result in the context of Fredholm operators using the
closed complement theorem. We are not in the position to prove Theorem 2.1.12.

Proof of Theorem 2.1.12. The proof follows the lines of Theorem 2.1.11. However, instead of
the orthogonal decomposition, we make use of Lemma 2.1.13 for Z; := kerD o ®(mg) C 2~
and a corresponding space 27 isomorphic to % ( i.e. having the same (finite) dimension).
Hence & = Zy + 21 and we may proceed as in Theorem 2.1.11. m

General Banach theory

In general Banach space, we can provide a similar result as in finite deimensions. It reads as
follows

Theorem 2.1.14. Let 2", % be Banach spaces and let M C Z" open. Let £ : M — R and
O M — % be continuously differentiable. Let My := {x € M : ®(z) = 0} and let my € M,
be an extremum of € in My. If Do®(myg) : 2 — ¥ is surjective, then there exists A € #*
such that

Vee Z Dy &(mg)zr = (N, Dy ®(myg)z) .

The proof will rely on the the following result for adjoint operators. If A: 2 — # is a
linear operator, the adjoint A* : #* — 27 is linear and satisfies

Vee Xy e @™ (Az,y*) = (x, A%y") .

Theorem 2.1.15. Let 2" and % be Banach spaces and let A € L(Z ;%) such that R(A)
15 closed. Then

R(A*) = (ker A)™ .
Using this result we can prove Theorem 2.1.14.

Proof of Theorem 2.1.14. W.l.o.g. assume that mg is a minimum and consider the joint map
d: M = RxZ, m— (E(m),®(m)) with D& = (DE, D). If there was = € 2 with
(DE(my),z) # 0 but (DP(myg),z) = 0, then DP(my) would be surjective. Now, for every
£ > 0 Theorem 2.1.8 would provide a solution m, for ®(m) = (—¢,0) with m. — mq as
e — 0, which is a contradiction to the minimizing property of my.

Hence, we conclude

Vee 2 (D®(myg),z) =0 = (DE(my),z) =0.
In particular, since R (D®(my)) is closed, Theorem 2.1.15 yields with A := D®(my)
DE(my) € R(AY)
and there exists y* € #* such that
DE(mg) = —A*y".

Interpreting A = —y*, we infer the statement. n
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Examples

Example 2.1.16. With the above insights, we might take once more a look at the Euler
problem. Maximizing L(u) with respect to F(u) = F, yields a Lagrange multiplier \ €

Hg(—1,1) such that
1
/ d :/\/ v(s)ds
\/1+ |8 u(s -1

This implies that 0, % = A. Note in particular, that A\ = K is given by the

curvature(!). The multiplier A can be recovered from the above representation of u given by

1 1
u(z) = le — A222  and / u(s)ds = F.
-1

Example 2.1.17. We will now consider a different example. More precisely, we consider
X = WyP(Q) for some bounded open domain € C Rd The functional &(u) = [, 5 [Vul’

is complemented by the condition ®(u) = 0, where ®(u — 1, |ul". By Theorem 2.1.12
we infer that every extremum of £ under the eonstramt <I)( ) =0 satisfies

Yoe 2 Dy &(u)v = AD oy ®(u)v.

—/V- (|Vu|p2Vu)v:)\/|u|r2uv
Q

-V (\Vu|p_2 Vu) = A lu""%u

This implies

or
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2.2 Bifurcation Theory

2.2.1 Fredholm operators and the Index

Let Z°, % be Banach spaces. For L € L(2";%) we denote by ker L := {z € 2" : L(z) =0}
the kernel and by R(L) :=={y € % : Jx € & : L(x) = y} the range of L.

Definition 2.2.1. An operator L € L(Z"; %) is called Fredholm if
dimker(L) < oo and codimR(L) < oo.

The Fredholm condition implies that # = % & R(L) with finite dimensional %4. The
integer number dim ker(L) — codimR(L) is called Index of L. Below, we will frequently use
the decomposition 2" = 2o+ 27, where 2y = ker(L) is finite dimensional and % = %+ %
where 2] = R(L) and % is finite dimensional.

This splitting is well defined, as the Theorem 2.1.7 on the closed complement shows.
Based on this theorem, we make the following observations:

1. Let 2 be a Banach space and 2 a finite dimensional subspace. Then there exists a
continuous projection onto 2y in particular, the complement of 2y is closed.
Proof: let Zy = span(ey,...,e,) and A\, : 2y — R the linear functionals with A (e;) =
0r; respectively. Using the Hahn-Banach theorem we may extend \; to 2" and

Px = Z )\k(az)ek
k=1

is a continuous linear projection 2~ — Zy. In particular, 27 can be assumed to be
closed.

2. If dimker(L) < oo and codimR(L) < oo then R(L) is closed. B
Proof: Let 2" = Zy® 21 with 2y = ker L and 27 closed. The operator L : 27 X % —
% (x1,Y0) — Lx1+yo is bijective, linear continuous and hence has an inverse B := "

Therefore: B
R(L) = L(25) = T(2: x {0}) = B~ (2 x {0})

is closed.

3. Since 27 and Zj are closed, and since R(L) is closed by assumption, the inverse
operator theorem yields that L]y, — R(L) is continuously invertible.

Fredholm operators are closely related to compact operators.
Theorem 2.2.2. If K € L(Z"; Z") is compact, then L :=id + K is Fredholm with index 0.

Proof. We prove the Theorem in 5 Steps.

Step 1: dimker(L) < oo. This follows from the fact that B{" (0)Nker(L) = {z € B{ (0) : = = Kz}
is a precompact ball and hence ker(L) is finite dimensional.

Step 2: R(L) is closed: This follows from Lemma 1.1.22.
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Step 3: ker(L) = {0} implies R(L) = 2": This follows from d(L, B{ (0),0) = 1 and the
fact that 0 is continuous under valid homotopies.

Step 4: codimR(L) < dimker(L): Let n = dimker(L) and xy,...,z, a basis of ker(L).
Assuming the statement was wrong, there exist n+1 linear independent vectors y1, ... yn11 €
Z\R(L). Furthermore, there exist n continuous linear functionals z/, ..., 2!, € 2" such that
x)(xy) = 0y and hence

Kz := Kz + ng(a:)y

i=1
is compact. Moreover, ker (id + K ) = {0} and hence R <id + K ) = 4. This is a contra-

diction to y,+1 € R (id + f()
Step 5: codimR(L) > dimker(L): We proceed similar to Step 4, but now m = codimR(L) <
ker(L) = n implies existence of y1, ...y, € Z \R(L) such that

Kz := Kz + Zx;(x)y

=1

Now R(L) = % and it remains to show for such operators that ker(L) = {0}. Hence, w.l.o.g.
assume R(L) = 2.

From the above considerations we find 2" = 27 + ker(L) and L : 27 — 2 is invertible
with inverse L. Hence, ker L = {0} and

id—L=L(L—id)=LK
is compact. But then from Step 3. we obtain R(L) = 2" and hence ker(L) = {0}. O

Lemma 2.2.3. Let L : & — % be Fredholm with index 0. Then there exists a Banach
isomorphism I © % — Z such that I o L =id + K for some K € C(Z").

Proof. We once more use L : 27 X % — %, (v1,y0) — Lz, + yo with inverse B = !
BolL : 2 — 271 x % is then the identity on Z27. Since 2, and %, have the same dimension
they are isomorphic by an isomorphism By. More precisely, we define C' : 27 X%, — Z1x 2o
through (z1,%0) — (21, Boyo) and hence I = C o B : % — 2 is an isomorphism with
2, = 1d and hence I o L = id 4+ K for some K € C(Z"). O

Lemma 2.2.4. Let L : & — % be continuous Fredholm and K : & — % be continuous
compact. Then L + K 1is Fredholm with the same index as L.

Proof. We may extend 2 or % by a finite space and hence assume w.l.o.g. hat the index
of L is 0. According to Lemma 2.2.3 there exist and isomorphism [ : % — 2 such that
L:=1IoL =id+ K, for some compact operator Kz : 2" — 2 . Moreover, K:=I0Kis
also continuous and compact and so is K, + K. By Theorem 2.2.2 id + K, + K hast index

0 and hence L + K =1~ o<1d+KL—|—K) has index 0. ]

For later use, we finally note the following important consequence.
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Theorem 2.2.5 (Fredholm alternative). Let A # 0 a real value and K € L(Z"; Z7) compact.
Then either (A — K)x = 0 has a non-trivial solution or A\ — K is invertible.

Proof. Consider L = A\— K. According to Theorem 2.2.2 L is Fredholm with index 0. Hence,
if L is not invertible, this implies dim ker(L) # 0. O

2.2.2 Ljapunov-Schmidt Reduction

Let f: 2 x A — % be a continuous mapping for Banach spaces A, 2 and % and consider
the equation
flz,A)=0. (2.3)

Under the assumption that f(0,0) = 0, we could resolve x = x(\) in case Dy f(0,0) was
invertible (using the implicit function theorem). However, this is often not the case.

In the following, we will assume that D4 f(0,0) is “close to invertible” in the sense that
Dy f(0,0) is assumed to be Fredholm. Like in the last section, we can split 2" = 2y + 21
and % = %, + %, with projections

P Z -2, Q:%—=>%.
Then (2.3) is equivalent with
Qf(z,A)=0,
(1-Q) f(z,A)=0.

Using x = zg + 1, (2o, 1) € Zo X Z7, we write this equation as

Qf(l'o—FSCl,)\):O,

In this formulation, we can solve the second equation for x; because
Dy [(1=Q) flzo+ 21, )] = (1 = Q) D2 f(0,0) - 21 — %
is invertible. Hence we reduced (2.3) to
Q f(zo + x1(20, 1), A) = 0.

This equation is called “reduced equation” or “bifurcation equation”. We formulate this in
the following more general Lemma:

Theorem 2.2.6. Let 2" and A be Banach spaces and f € C(Z x A) with Dy f € C(Z %
N L(Z %)), Let L = Dy f(0,0) such that R(L) and the projection P : & — 2 onto
ker L andid — Q : % — % onto R(L) are continuous. Then there exist neighborhoods U of
0in PZ andV of 0 in (id — P)Z and W of 0 in A such that solving f(z,\) = 0 can be
reduced around (0,0) to the localized equations

r = Px 4+ v(Pzx,\) Qf(Pz+v(Px,\)),\) =0,

where v : ket L X A DU x W — V is given by the implicit function theorem.

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 43

Proof. Let u = Px and v = (1 — P)x. Then

B Fu,v,\) =(id - Q) f(z,A\) =0
fle))=0 { (u, v, A) = Qf (x, A) = 0

It holds F'(0,0,0) = 0 and
Dy F(0,0,0) = (id = Q) D4 f(0,0) : (id = P)Z" — Q%

is bijective. Hence the inverse of Dy F'(0, 0, 0) is continuous and the implicit function theorem

yields v: U x W — V such that F(u,v(u, \), \) = 0 with

Dyv(0,0) = —DyF(0,0,0)'DyF(0,0,0)
= —((i[d= Q) Dxf(0,0))"" (id = Q) D f(0,0)P.

2.2.3 The idea behind bifurcation theory

For given A € R, equations like z = X\ or 23 = X\ always have a unique solution in R. In
contrast with that, the equation 2 — A\ = 0 may have no solutions (if A < 0), one solution
(if A =0) or two solutions (if A > 0). Similar phenomena arise in the equations

z(z? — )
x(x —N)

z(z® = N)(z* =) =0

0
0 z(z? = N)(2* —=2)) =0

Example 2.2.7. Let 2" = R? and A = R as well as

f(xlax%)\):(i;)_)\( _ijl)‘i‘)\(%l ) .

Then (0,0, A) is the trivial solution. Furthermore, dividing by x; resp. xs we obtain that
f(x1, 22, A) = 0 if one of the following two conditions is fulfilled:

0=1-AN-2—2]) and x93=0
or z1=0 and 1—-XA=0.

The first condition is equivalent with x5 = 0 and
1

From the last formula one sees that additional solutions emerge for \ > —%. The derivative
of fat (0,0,)) is given through

Df(0,0,)) = ( 145% 1EA)

and degenerates precisely in A = —% and A = 1.

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 44

The latter observation holds more generally:

Theorem 2.2.8. Let 27, % and A be Banach spaces, [ : 2 x A — % be C* and f(xg, \g) =
0. If
Dy f(xo,No): Z =¥ is and isomorphism,

then f(x,\) =0 can be uniquely solved by x = g(\) in a neighborhood of (o, \o).
In contrast with the last theorem, we introduce the following definition.

Definition 2.2.9. Let f: 2" x A = 2 be continuous with a trivial branch, i.e. for every
A € Aholds f(0,\) = 0. Then we say that (0, A\g) is a point bifurcation if every neighborhood
of (0, \) contains a nontrivial solution f(x, ) =0, x # 0.

In particular, in the the context of Theorem 2.2.8 the point (xg, Ag) is not a point of
bifurcation. However, degeneracy of Dy f(xg, \g) is necessary but not sufficient. Below we
will find sufficient conditions for bifurcation.

Remark 2.2.10. (i) The problems bifurcation arises despite the smoothness of f. They are
independent from applying any smooth transformations like rotations.

(ii) The equation f(x, A) = 0 can be solved locally almost everywhere except some “lower
dimensional manifold”, often this consists of isolated points.

2.2.4 Bifurcation in a simple eigenvalue

For f: Z X% — Z wefind Do f: 2 x¥% — L(Z;Z) with (z,y) — Dy f(z,y) and
provided f is regular enough, we might calculate Dy Dy f @ X X ¥ — L(¥;L(X; %)),
(z,y) = Dy Dy f(x,y). This is particularly possible if f € C*(2" x #; Z).

Theorem 2.2.11 (Bifurcation in a simple eigenvalue). Let A = R and 2 ,% be Banach
spaces. Let f € C*(Z x N; %) where we assume

1. Trivial branch: YA€ A : f(0,\) = 0.

2. Fredholm property: L(\) := Dy f(0,\) is Fredholm with index 0.
3. Simple eigenvalue: 2o = ker L(0) = RZy

4. Transversality: DyD 4 f(0,0)Zo & R(L(0)).

Then for " = Zo @ 21 and neighborhoods (0,0,0) € U xV x W C 2y x 21 x A there exist
unique continuous 0 : U =V, A: U — W, 9(0) =0, A\(0) =0 such that

r=x9+x1 =0 or

flag+a21,A) =0 <« {(xl,)\) = (6(960), X0(1’0)>

Furthermore, f € C* implies v, A € C*~1.
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Example 2.2.12. To explain the name of the theorem, consider f(x,\) = (ug+ \) z — T,
where 1o € R\{0} and 7 is nonlinear differentiable and compact with 7°(0) = 0. We consider
L := D4 T(0). We check the under what additional assumptions the conditions 1.-4. of
Theorem 2.2.11 are satisfied.

1. This is always satisfied.

2. requires that Dy f(0,\) = (uo + A)z — Lz is Fredholm, which is always true in a
neighborhood of A = 0.

3. Requires that 2y := ker (uopx — Lz) = Ry, i.e. o is a simple eigenvalue of L (i.e.
geometric multiplicity 1).

4. Since Dy L()) = id, this implies that Zo & R (o — L). This implies that y has algebraic
multiplicity 1.

Proof. We will first reduce the problem to the 1-dimensional case and then solve this partic-
ular problem.

Step 1: We will use a Ljapunov-Schmidt reduction: Let % = %, @& #; where % = R(L(0))
with a continuous projection @) : ¥ — % with ker ) = %;. Then we can locally solve
v: UxW — 23

fl@,A)=0 & Qf(zo+v(w,A),A) =0,

where
Dy av = —((1 = Q) Dy f(0,0)]2,) " (1 = Q) Dy 4 £(0,0)

Now we set ®(r,\) := Qf(rZo + v(rZo,A),A) with the evident identification of Rz, with
R. Then the problem is reduced to a 1-dimensional problem and it remains to show that ®
satisfies 1.—4..
1. Qf(0+wv(0,A),\) = 0 since v(zp, A) is the unique solution of Q f(x¢ + v(zo, A),A) = 0.
2. D,®(0,\) : R — R — as a linear map between finite dimensional spaces — is Fredholm.
3. We calculate

D,®(0,0) = QD4 £(0,0) (id + D4 4v(0,0)) Fo = 0

since £y := ker L(0) = R, and hence Dy, f(0,0)Z, = 0.
4.

DAD;®(0,0) = QDa (D f (rao 4 v(rio, A), X)) (Zo + D2y u(ro, A) Zo))
= QD2 Dy f(0,0) (Zo + Dayv(rio, A) To, Dav(0,0))
+ Q0\D o f(0,0) (Zg + D4,v(0,0) Zo)
+ QD4 f(0,0) 9D 2;,v(0,0) Zo .
The last term equals zero because @D, f(0,0) = 0. Since v(0, ) = 0, we find Dav(0,0) =0
and hence the first term vanishes, too. Since Dy f(0,0)Zo = 0, the second term reduces to

Q0\D 4 f(0,0)Z,. However, note that 9\D 4 f(0,0)Z¢ ¢ R(L(0)) and hence Q0 D4 f(0,0)To #
0.
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Hence, if ® = 0 can be solved by A(x), the theorem follows with z; = v(xg, AM(a)).
Step 2: We now assume 2 = % = R and consider

2 f@ ) forxz#£0,
via )= {Dxf(o, \) forz=0.

In case z # 0, we find
J@N=0 & e =0.
Hence, in order to show existence of non-trivial solutions it remains to solve the equation for
. We find
0\ f(z,\)  forz #0,

(e, A) = {Dxakf(O, A) forz=0.

and since 0, f(0,\) = 0, we find continuity of dx¢(x,A). Furthermore since f is twice
differentiable, we deduce that 9,1 exists from f(z,\) = 0+ zd, f(0, \) + 2202 (0, \) + o(z?).
Hence v € C'. Since 0y\¥(0,0) = D,df(0,0) # 0, we can apply the implicit function
theorem to solve ¥(z, A(z)) = 0 in a neighborhood of (0,0), where A € C. O

Example 2.2.13. Consider

[z, ) = z+g(x) =0,

o O
o~ O
— _ O

where g € C?(R3R3), g(0) = 0, Dg(0) = 0. The above theorem yields existence of a
non-trivial branch that bifurcates at (z, \) = (0,0). We check the prerequisites:
1. and 2. are satisfied since f(0) = 0 and 2" = R? is finite dimensional. 3. holds since

000
kerD,f(0,0) =ker | 0 1 1 | =Re.
001
Finally, 4. holds because
1 00
D,D,f(0,0)e 000 Jei=¢e
000
000
¢RI 0 1 1 | =Res+ Regs.
001

Example 2.2.14. We consider f € C?(R? x R;R?) with trivial branch f(0,\) = 0. We
assume that L(\) = D, f(0,\) has the elgenvalues

pa(A) < pp(A) <o < p(A) <o < pa(A)
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which depend in a differentiable way on A. Furthermore, let 1x(Ag) = 0 for some critical Ag.
we assume that py(Ag) is singular and dypk(Ao) # 0. Then f has a non-trivial branch that
bifurcates in (0, Ag).

In particular, 1., 2. and 3. are evidently satisfied. In order to verify 4. let z¢()\) denote
the eigenvector of ug(A) note that zo(\g) lies orthogonal to R(L(\g)) since px(Ag) = 0. We
differentiate the eigenvalue equation

(M) 2o(A) = L(X)zo(A)
and obtain
Orpie(N)xo(A) + pe(N)Orxo(A) = OL(N)xo(A) + L(A)Oazo(N) -
By assumption, dypux(Xo) =: a # 0, ug(No) = 0 and L(Ag)Orzo(Ao) € R(L(Ng)). Because the

eigenspace of pg(Ag) is 1-dimensional, we find

ONL(Xo)zo(No) & R(L(Ao)) -

2.2.5 The Index of a solution and bifurcation

Let 2 be a real Banach space and G C 2". For a locally invertible function f € C'(G; Z)
and a regular point xy we can define the index

Index(f, {23'()) = D(fa ng (Qfo), 0) :
For a finite dimensional space 2~ = R%, we obtain from the representation (1.6) that

Index(f, z¢) = o(f, BZ (x0),0) = sign det J; ()
= signdet D f (20) = 0(D f(0)(- — x0), B (0),0)
= (_1)67

where (3 is amount of negative eigenvalues of D f(z() (with multiplicity!). In particular, the
index is independent from ¢ for € small enough. Note that Eigenvalues A € C\R do not enter
this formula since ) is an eigenvalue of D f(x) iff X is an eigenvalue and A\ > 0.

In this context, we recall the definition of the multiplicity of an eigenvalue of an operator

K:
ny(K) := dim (U ker(\ — K)p> ,
p=1
where for some pg ker(A — K)P = ker(A — K) for all p > py and the kernel of A — K remains
unchanged. The space UZQ L ker(A — K)P is the generalized eigenspace. Furthermore, we use
the following result, which is part of the spectral theorem for compact operators.

Lemma 2.2.15 (Spectral Lemma). Let 2" be a Banach space, K € L(Z") be compact. Then
for everya >0 Z = Zy® Z1, where Xy is finite dimensional and spanned by all generalized
eigenspaces with respect to |\ > « and Zy and 27 are invariant under K, i.e. K%y C Zo

and K2, C Z;.
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Theorem 2.2.16 (Leray-Schauder). Let 2" be a real Banach space, G C X, f € CH(G; Z)

and T a zero of f. Furthermore, assume

1. 7 is regular, i.e. Dy f(T) is invertible
2. Dy f(Z) is Fredholm with A := Dy f(z) =1id + K where K € L(Z") is compact.

Then
Index(f,z) :=0(f, IB%?(%),O) = (—1)67

where

AER, A< —1

Proof. W.l.o.g. we assume & = 0. We consider the homotopy h(x,t) = (1—t)f(x)+tAz. This
homotopy is valid if h(z,t) = 0 implies ¢ dBZ (0). We verify through a short calculation:

hz,t) =0 & Az= (1—1)(f(x) — A(x))
& r=AT(1-1)(f(x) - A2)) .

Since f is differentiable with invertible A = Dy f(0) we obtain [[A™! (f(z) — A(2))]| < 5
provided x € BZ (0). In particular, we obtain

o(f, B (0),0) = 2(A, B (0),0).

Using Lemma 2.2.15 we obtain 2~ = %2y @& Z7 with projections Py and P; where 2

is finite dimensional and generated by the generalized eigenspaces for |\ > % and 27 is

invariant under K. Let K (t) = Ko Py+ (1 —t)K o P, be the homotopy between K and
K o Py. We claim that id + K (¢) is a valid homotopy between id + K and id + Kj. Indeed,
we find due to the invariance of 2, and 27:

1+ Ktz=0 & zg=-Kzy and z; = (t—1)Kz,.

Since id — K = Dy f(0) is invertible we obtain 2o = 0. Since K has no eigenvalues on 2}
with |[A| > 3, and we obtain z; = 0. Hence we obtain from the finite dimensional formula

o(f,BZ (0),0) = o(id + Ko, BZ (0),0)
= (-1’

with

B= > m(Ky)= > n(K).

AER, A<—1 AER, A<—1
]

The concept of topological index of a solution can be used to provide a sufficient condition
for bifurcation.
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Theorem 2.2.17. Let Z be a finite dimensional Banach space and A =R, f: Z'x\N - Z
continuously differentiable with f(0,\) =0 for every X\ and Dy f(0,\) invertible for X # Xo.

If
Index (f( A),0) =0 € {~1,1} YA > Ao,
Index (f(-,A),0) = —0o YA < Ao,

then Ao is a point of bifurcation, i.e. there exists g > 0 such that for every e € (0,e) there
exists x(e), \(e) s.t.

f(x(e),Ae) =0, lz(e)ll =e.

Moreover, it is possible to choose \(g) — Ao for e — 0.

Hence, in a neighborhood of (0, \g) there exists for every A a non-trivial solution addi-
tionally to the trivial solution.

Proof. We chose a sequence py \, 0 and consider Ayp = g & py. For every k there exists
g > 0 s.t.
Ve < Ek - Index(f(~, )\ik)) =0 (f(, )\ik),Bga)), O) =+0.

In particular, we find
[ (f(v )‘0 + :uk)aBg(O)a O) 3& 0 (f(v )‘0 - Mk)aBg<O)’ O) :

However, we can chose ¢ \, 0 strictly monotone decreasing and for ¢ € (g441, k] we can
chose Ay := Aig. Then f(z, ) is a homotopy from f(x,A_) to f(z, A;) which changes the
Index, hence the degree. Therefore, the homotopy is not valid and for some A € (A_, \})
there exists x € 9B4(0) with f(x,\) = 0. This yields the claim. O

2.2.6 Krasnoselskii’s Theorem

The Krasnoselskii Theorem yields another sufficient condition for the existence of bifurcation.
Let Z be a Banach space and f: 2 xR — 2 be of the form

f@,A) =2 = (po+A) Tz + g(x, A),
where we impose the following conditions:
L. po # 0,
2. T € L(Z) is compact
3. ge C(Z xR, 2),
4. g(0,X) =0 for every A and g(x, \) = o (||z||) uniformly in A € (—¢,¢).

The last condition implies that Dy f = id — (10 + A) T'. In particular, we infer from Theorem
2.2.8 that id — poT needs to be non-invertible (non-surjective) such that (0,0) can be a
bifurcation point of f. The Krasnoselskii Theorem tells us that this assumption is already
sufficient.
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Theorem 2.2.18 (Krasnoselskii). Let 1.-4. hold and let ﬁ be an eigenvalue of T with odd
multiplicity. Then (0,0) is a point of bifurcation for f.

Proof. Assume (0,0) was not a point of bifurcation. Then there are only trivial solutions in
B.(0) x (—¢,¢) and the index

0 (f() A)7B€(0)7 0) €Z
is well defined and due to homotopy invariance, it is independent from A € (—¢,¢). This will
lead to a contradiction.

By the spectral lemma 2.2.15, we can assume that (ug + A)_l is not an eigenvalue of 7.
Hence, the Leray-Schauder Theorem 2.2.16 and Dy (0, A) = id — (1o + A) 7" we find that

0 (f(v )‘>’Be(0)70) = (_1)6()\) ) 6()‘> - an ((ILLO + )‘> T) .

o>1

Now observe that

Hence

a>(po+A) "1

Since jy " is an isolated eigenvalue, we obtain for € small enough
BA) = BO) = nuy(T) € 2+ 1.
Hence, the homotopy invariance yields

(_1)60\” =0 (f(a >‘+)7 B5(0)7 0)

Example 2.2.19. We recall Example 2.2.7:

penn=(2)-(442) (2) ().

which we reformulate as

o= () (2 )i (3)
o fonma = () = () (20 ) (34

where o = _71 or fip = 1 respectively and the derivative of f at (0,0, A) given through

12+ A) 0
Df(O,O,A)—< 0 1— (o +\)
which degenerates precisely in g = —% and po = 1 with n,, = 1.
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However, if n,, = 2 the statement of Krasnoselskii might indeed be wrong.

Example 2.2.20. As an example, we consider

f(xl,xQ,)\):(il ) —(1+A)(2)+(;€3) .

Then T' = id and py = 1 is an eigenvalue with multiplicity 2. Assuming = = (x1,23) is a
solution to f(z,A\) = 0 then

0= f(z,\) - (—2,11) = 27 + 75
and hence x = 0. In particular f has only trivial solutions.
One unsolved issue is the fact that we want to solve general equations of the form
f(z,A) =0, f: Z xXR—->%,
where 2, % are general Banach spaces. We then find the following result.

Theorem 2.2.21. Let f : & xR — % be differentiable in 2~ such that Dy f(0,0) is
Fredholm with index 0 and let I : % — 2 be the isomorphism of Lemma 2.2.3 and such
that

I f(z,\) =2 — (o +A) Tz + g(x,\)

satisfies the conditions of Theorem 2.2.18. Then (0,0) is a point of bifurcation for f.

2.2.7 Global Bifurcation

We will now look at the question how the non-trivial branches of f(x,A\) = 0 behave once
they leave the neighborhood of the bifurcation point.
Let 2 be a Banach space, Q2 C 2" x R an open neighborhood of (0,\), T': Z — Z

A

linear and compact, as well as g € C(cl(Q); Z") with g(z,\) = o(||z||) uniformly in A. We
consider

flx,N) =2 —NTx + g(z,\),

where 50 1S an eigenvalue of T" with odd algebraic multiplicity.
We study the set of non-trivial solutions

M= {(x,)\) e fle,\) =0, CL’#O}
and the branch that originates in Ag:
C(N\o) = connected component of M that contains (0, \),

where A C M is connected iff there do not exists disjoint open sets Uy, Uy with A C U; UUs.

Lemma 2.2.22. M equipped with the topology
d((z1, A1), (2, A2)) := |21 — 22| 4+ |\ — A

18 a locally compact metric space.
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Proof. Let f: 2 xR — 2 xR, f(z,A) = (f(x,)),)). By Lemma 1.1.22 we observe that
By *®(0) N =1 ({0} x [=A, A]) are precompact. O

Then C()g) is closed: For (zx, Ai)peny € C(Xo) With @, — 2. If 2 € C(Xg) then A :=
{z}UC()\g) is not connected and there exist disjoint open neighborhoods Uy, Uy C M, z € U,
with A ¢ U; U U, and hence C' € Uy U Us, for Uy = Ui\{z}. Furthermore, U; N C(X\g) = 0
since C'(\g) C U; U U, is connected and U; N Uy = (. On the other hand, U; D B.(x) N M
for suitable € > 0 and we find that = has positive distance from (xy, Ay, @ contradiction.

The main result of this section is the following.

Theorem 2.2.23 (Rabinowitz). C'(\g) tends to Q or returns to the trivial branch ({0} x R)\ {(0, Xo)}.
In case Q = 2" x R the first option implies that C'()\o) tends to co.

Proof. Assume the theorem was wrong. Then there exists a bounded subset Q € Q such

that C'(A\g) N0 = 0 and C'(Ag) N {0} x R = {(0,\o)}. From the above considerations, we

infer that C'(\) C M is locally compact and closed and hence C(\g) N Q is compact. Since

C(Xo) NOQ = O this implies that C'(A\) has a positive distance from 92 and there exists an

open environment 2y of C'(\g) that separates it from 0f2. This will lead to a contradiction.
Without loss of generality, we might assume that there exists small § with

Do N ({0} x R) = {0} x [Ao — 8, Ao+ 0],
]B(S%(O) X ()\0—5,)\0+5) C Q.

Using the notation
Qo(A) == A{(z,\) € Qo}, 0(A) =0 (f(-, M), Q2(N),0),

let us first observe that 9(\) = const. Indeed, this follows from the fact that C(\g) has
a positive distance from 9Q(because of (2.5)) and hence for every A € (Mg — 0, Ao 4 8) we
can replace Q(\) by QO(S\) in a neighborhood (using (d5)) and then apply the homotopy
invariance (d4).

We choose Aj, A2 close to A\g with A; < A\g < Ag. Because of (d5)

For A; small enough, resp. A, large enough, the first term on the right hand side becomes

0 (note that C'(\) is compact). The second term is the index of f(-,\;) in 0. Since )\—10 is an

odd eigenvalue, the index jumps in Ay and this is in contradiction with the above observation
that the left hand side is constant. O
Example 2.2.24 (Example for global bifurcation). On the interval (0,7) we consider

2 = Hi(0,7) = {uec H*(0,7) : uw(0)=u(r) =0}

and

O*u+ du — ®(-,u(-),0,u(-)) =0.
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Here, ® : (0,7) x R x R — R is nonlinear and satisfies for all (s,z,p): ®(z,s,p) <
C (|s]” 4 [p|*). The Laplace operator 82 : 2~ — L*(0,7) is invertible and writing 7" := (92) "
(with zero Dirichlet-conditions) we infer

flu,A) :=u+ ANTu — N(u) =0.

This equation satisfies the conditions of Theorem 2.2.11 and we find bifurcation in all eigen-
values \; = —k%, k € N. Let C; be the corresponding connected components. Since we
have only countably many branches, we can globally track the behavior of the bifurcation
branches.

Theorem 2.2.25. For every k € N the set C* := C(\;) is unbounded in 2" xR and consists
of functions u with k — 1 simple zeros in (0, 7).

Proof. Let S* be the set of functions u € 2" with k — 1 simple zeros in (0, 7) and 9,u(0) # 0,
O,u(m) # 0. The two branches bifurcating in (0, A\x) can be distinguished by 0,u(0) > 0 and

0,u(0) < 0.
Then S* is open in 2" and S* N S™ = (@ for k # m. For the branch C} we know that
locally u(s) = suy, + o(s), where u;, = sin kx is the eigenfunction to A\, = —k*. Hence locally

(u, \) € CF satisfies u € S*.

Since C* is connected, and S™, S™ are mutually disjoint, we infer Cy ¢ |J, S™. Therefore,
assuming existence of (u,\) € C* such that u ¢ S* and assuming we are on the branch
d,u(0) > 0, the connectedness of C, implies existence of (u, \) € C*¥ with a double zero, i.e.
d,u(s) = u(s) = 0 for some s € (0, 7). Since u satisfies a second order quasilinear ODE we
find v = 0 and hence (u, A\) = (0, A). This implies (u, \) = (0, \,,), m # k, a contradiction.
Hence we can conclude (u, \) € C* = wu € S* and additionally that C* does not return to
the trivial branch, i.e. bifurcates to oc. O
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Chapter 3

ODE in infinite dimensions

3.1 Stability and Bifurcation

3.1.1 Linear ODE and Stability of Stationary Points
We consider the following ODE in R¢:

f)=Af@t),  f0)=fo, (3.1)
where A € R?*? is a diagonal matrix. It is easy to see that
A M

by Ak

from the 1-dimensional case we infer that a solution to (3.1) is given by
= 1
f(t) = exp(Ab) fo 1= ) 1" A fy.
k=0

The last formula also holds for general matrices A € R¥“, Furthermore, we can observe the
following for Hilbert spaces % and A: % — %

k=0
_ - 1 k Ak+1 _ d - 1 k+1 Ak-+1
=2t AT =g 2 k+1)!t AT fo

and hence f(t) = exp(At) fo is a solution of (3.1) in general Hilbert spaces.

What do we gain from this insight?

In the finite dimensional case, let A\; < 0 for all i = 1,...,d. We then infer that || f(¢)|| = 0
decreases exponentially with rate min|);|. On the other hand, if one of the eigenvalues of A

o4
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is positive with eigenvector e; and fp - ¢; # 0, this implies that ||f(t)|| — oo exponentially.
We intend to use this insight for the discussion of nonlinear ODE.
More precisely, we study

= f(t,u(t)), u(0) = ug,

where f € C%([0,T] x RY) for simplicity. Using a Taylor expansion for f in v ~ % and
assuming f(-, %) = const, the above ODE takes the form

u= f(ut)) = f(a) +Df(a) (u—a)+o(u—1a).

If Df(u) is non-degenerate, and uq is close enough to @, the behavior of the right hand side
is strongly dominated by the second term D f (@) (u — @) since % — 0.

Hence, if all eigenvalues of L = Df(a) are negative and |ug| is small enough, we find
that u(t) — @ as t — oo. On the other hand, if L has a positive eigenvalue A; > 0 with
eigenvector x1 and ug - x; # 0 we find |u(t) — @] monotone increasing at least for short times.

What else can happen?

Consider
=) =T )=(1 ).

We call this a periodic orbit. Note that we have proven the existence of periodic orbits for
periodic right hand sides in Proposition ??7. Note that the later calculation becomes much
more complicated for general rotation matrices.

Based on the above observations, we define the following:

Definition 3.1.1. A stationary solution zg of f(xy) = 0 is called

e stable if for some o > 0 all spectral values A of Dy f(z) satisfy A < —a.

e unstable if there exists a positive eivenvalue.

As an outlook to the next section, note that equations of the form (3.1) can be interpreted
as a a so called gradient flow: For a symmetric A € R™? define E(u) := 1 (u, Au). Then
(3.1) is equivalent with

uw=VE(u).

This can be brought in a more general setting. For a lower semicontinuous functional £ :
2 — R, where 2 is a reflexive Banach space with dual 2™ and a convex functional
U* . 27 — R consider

This is the doubly nonlinear gradient equation, which we will study in Section 3.2.
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3.1.2 Stability Criteria

In this section, we analyze under what conditions stationary solutions of

= f(u)

are stable.

Let us recall Theorem 2.2.11. We are particularly interested in the case when the bi-
furcating eigenvalue is simple. Since we have a bifurcating branch in (0,0), we particularly
infer that D4 f(0,0) has a simple eigenvalue 0. Provided all eigenvalues on the trivial branch
are negative for A < 0, the trivial solution is stable and we are interested in stability of the
three remaining branches, that is we are interested in the stability of the bifurcating branches

(u(s), As)).

Definition 3.1.2. Let Ty, K : 2" — % be linear continuous, then pq if called K-simple
eigenvalue of Ty if

1. Ty — poK is a Fredholm operator with index 0,

2. ker (Ty — oK) = Riy,

3. and K%y & R (Ty — poK).

If 2 =%, K =id and Tj is compact, we call yy a simple eigenvalue of Tj.

Lemma 3.1.3 (Continuation of simple eigenvalue). Let ug be a K-simple eigenvalue of Tj
with eigenvector To. Then there exists a continuous extension

p: BEY (T 5 R

with p(To) = po and p(T) is K-simple eigenvalue of T' This extension u is unique. Further-
more it holds

ker (T — u(T)K) = Ra(T) 2(T)=2o+21(T) € Z =Ry d 27 .
i and xy are analytic in T.
Proof. W.l.o.g. let pg = 0. In view of the statement of the Lemma, we want to solve
(T —pu(T)K)z(T)=0.
Hence we define in an environment of (0,0,7) € R x 27 x L(Z"; %) the function
F(r,x,T) = (T —rK)(Zg+z) €Y,

where T is now a parameter of F.

We make use of 9 = 0 which implies that z( is eigenvector of Tjy with eigenvalue 0 and
hence % = %% + % = % + R(T}), dim %, = 1 and with corresponding projections F, and
Pl :ld—PO Then

DT“Q/’lF(O, 0, To) : (T, .731) — —T’Ki’o + Tg&?l
= (—TP()Ki'(), Pl(—T'Ki‘()) + PlT()ZEl) .

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis o7

Since Py(KZy) # 0 and P\Ty : 21 — % is invertible, the functional D, 4, F(0,0,Tp) is
invertible. Hence the implicit function theorem yields existence of u(T') and x1(T) close to
T().

It remains to show that these solutions a) are globally unique and b) satisfy properties
1.-3. of a K-simple eigenvalue.

a) The ansatz x = Ty + z; has a very particular structure, especially because of the
assumption that x; is small. For a different value of xy, particularly with larger norm, there
might exist a second solution. Hence, in what follows, we assume that * = Bz + x; is a
normalized solution, i.e. ||z|| =1, of

(T— ’I“K) (512‘0 +$1) =0
- Tg[El - TBKZ%O = (T — To) (5[%0 + 131> + T’K(I,’l . (32)

The terms on the left hand side have the structure Tyz; € R(Tp) and rKzo € R(Tp).
Therefore, there holds an estimate

[zl + |rBl < C(I1To =TI ABI + llzall) + 7] lzll) -
This follows from a contradiction argument: otherwise there exist 1., 8y, Ty and r,, such that
1= @l + IraBal = 0 (ITo = Tull (8al + 1.0l + Iral ll2rall)
but by (3.2) this would imply in the limit n — oo
Tox1,n — TnfBrnKTo — 0.

Since Tox1,, € R(Tp) and 7,8, K% ¢ R(Tp) this would imply z , — 0 and 7,5, — 0, a contradiction.
Assuming that || Ty — T'|| and r are small, we can adsorb the terms depending on z; on
the left hand side and obtain

1] + 1Bl < CTo = T 15] -

Since 8 is bounded (i.e. [|z]| = 1), we obtain that ||z1|| and r are small. Smallness of ||z ||
yields smallness of (1 — ) (again ||z|| = 1). But for small z; and 8 & 1 the implicit function
theorem already provided uniqueness of solutions.
b) Property 2. follows from the uniqueness of z1(7"). In particular, if ker (T' —rK) =
Rzg ® Rz, then
(T—T’K) (5704‘.751) = (T—TK) (97:0—1—:61 +Ri‘0) .

Property 3. follows from the fact that
T: (x1,7) = (T — wW(T)K) 21 + 1K (2o + 21(T)) € #
is invertible at T and hence also for small (x1,r). From this invertibility, we obtain
rK (Zo+x.(T)) € R(T — n(T)K) .

Property 1. follows from the following Lemma 3.1.4. [
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Lemma 3.1.4. Let Ty € L(Z ;%) be Fredholm. For all T in a neighborhood of Ty holds that

T is also a Fredholm operator and
dimker 7" < dim ker 7 , codimR(T') < codimR(Tp) .
If the dimensions on the right hand side are 1, then T is Fredholm with indez 0.

Proof. For Ty : " — ¥ let X' = Zo® 21, ¥ = %S %, such that Ty| 2, — %] is invertible.
Hence Ty : 25 x % — ¥, (z1,%0) — Tox1 + yo is invertible and for operators T" such that
|7 — Tp|| small also T': (x1,y0) — Ta1 + 1o is invertible, implying 7" is Fredholm with index
0. The estimates on the dimensions follow from the the fact that we restricted 7" to 2;.

In order to show the last statement, we show R(7) = # implies kerT = {0}. In
case T(Z1) = %, the map T would not be injective. Hence T(27) # %, but then also
Txy & T(Z1) since R(T) = %. This implies ker T = {0}. O

In the following we consider the situation that 2~ C # and K = j is the inclusion.
Furthermore assume that the situation of Theorem 2.2.11 is given. In particular, we have two
branches (0, A) and (z(s), A(s)), where s € (—¢, ¢) is sufficiently small and z(s) = sTo+z1(s).
We are interested in the eigenvalues of Dy f on the branches. According to Lemma 3.1.3
there exist u, fi, u, jt such that

D f(0, Nu(A) = p(Mu(A)
D f(2(s), A(s))uls) = fa(s)uls)

We will now determine the signs of i and /.

Theorem 3.1.5 (Crandall-Rabinowitz). In the above situation (i.e. under the prerequisites
of Theorem 2.2.11) it holds '(0) # 0, sA(s) — 0 and ji(s) — 0 for s — 0. Moreover for
every sequence s — 0 with fi(s) # 0 it holds

s\ (s)p'(0)

— —1 as s — 0.
fi(s)

Proof. Trivial branch: We differentiate the eigenvalue equality
D2 £(0, N)u(A) = a(A)u(A)
after A and obtain
D2 f(0,)u(A) + Do f(0, \)Ora(A) = AN T(A) + A(A)OrT(A) -

Because 0\D g f(0,0)u(0) = 0,\L(0)u(0) ¢ R(L(0)) and D4 f(0,0)0,u(0) € R(L(0)), the left
hand side is not 0 in A = 0. On the right hand side, we obtain &(0) = 0 and hence 0\f1(0) # 0.
For later purpose, consider y* : % — R continuous, linear with ker y* = R(L(0)). Then

{y", 93D f(0,0)u(0)) = 9\u(0) (y*, u(0)) - (3.3)

Non-trivial branch: We use the eigenvalue equation
Do f(x(s), A(s))a(s) = a(s)a(s) .

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 59

and the solution equation f(x(s), A(s)) = 0, which we differentiate after s:

Dy f(x(s), A(s))0sz(s) + Daf(z(s), A(s))0sA(s) = 0.

We take the difference of the above equations and obtain

Dy f(x(s), As)) (9sx(s) — (s)) + Daf(x(s), A(s))0sA(s) = fuls)u(s) .

In what follows, we develop Dy f, Dy f and @ as “Taylor-series” in s = 0 and obtain (noting
that o(1) means “small in s”):

Do f(0,0) (9sz(s) — u(s)) +

o(1) (Osz(s) — u(s))
+D%DA]C(O, 0) <8533(8), 8> as)\( ) + DADAf(O, 0
i

(

) (DsA(5), 5) DsA(s)
+0(s)0:A(s) + fu(s)a(0) + f(s)o(1) =
) =

We use x(s) = sy + z1(s) from Theorem 2.2.11 and 4(s) = T + u;(s) from Lemma 3.1.3.
This yields 0sz(s) — u(s) € #; = R(L(0)). Since L(0) : 27 — %, is invertible, the above
equation yields
10s(s) — a(s)|| < C ([sO:A(s)] + [fi(s)]) -
We us y* from (3.3) and find because of (y*, Dy f(0,0)...) = 0 and DyD, f(0,0) = 0 and
kery* = R(L(0)) that
(y", DDA f(0,0) (Zo + Ds1(5))) s9:A(s) + i(s) (4", To) = 0(1) (s:A(s)| + [fa(s)])

Using (3.3) we obtain
s0sA(s)OA(0) + fi(s) = o(1) (|ssA(s)| + |fa(s)])
which implies the statement. O

Example 3.1.6. Let G C R? be a bounded domain with smooth boundary and consider the
PDE

flu, ) = Au+ (o + Nu+u>=0 in G,
u=>0 on 0G .

As shown in the theory of PDE, the eigenvalues of —A are positive with 0 < po < p1 <
with pp — oo. Here, pg is a simple eigenvalue with a positive eigenfunction ug. In particular,

the inverse operator with Dirichlet boundary conditions K := (—A)_1 is compact (As an
Operator on 2" = C(G) and on 2" = L*(G)) with eigenvalues = > Hll > ... >0, smoot
eigenfunctions ug, u1,... and we may instead consider the problem

flu,\) = —u+ (o + N Ku+ Ku®> = 0.

From Theorem 2.2.11 we find that the trivial branch of f bifurcates in A = 0 since D f(0,0) =
—id + poK degenerates with a simple eigenvector uy € C* and
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Hence there exists a non-trivial branch bifurcating in (0,0) of the form (u(s), A(s)), where
u(s) = sug + uy(s).

We will now analyze the bifurcation diagram in terms of (s, A(s)). We differentiate the
equation f(u(s),\(s)) = 0 w.r.t. s and obtain

(id — oK) (uo + Osur(8)) = A(8)KOsu(s) 4+ 0sA(s)Ku(s) + 2Ku(s)0su(s) .
Differentiating once more and evaluating in s = 0 (note that u(0) = 0) we obtain
(id — oK) *u1(0) = 20,M(0) K ,u(0) + 2K |9,u(0)[* .

Note that 9%u;(0) € 27 and hence the left hand side is orthogonal (in L*(GQ)) to uy. We use
Osu(0) = up and self-adjointness of K: Multiplying the last equation with uy and integrating
over (G, we hence obtain (using non-negativity of the first eigenfunction, ug > 0)

0> 20,0(0) [[us) % +/ 2 gl
G

This particularly implies X'(0) < 0. Hence, A\(s) > 0 iff s < 0 and A(s) < 0 iff s > 0.

We can conclude the following: For A < 0, the eigenvalues of D4 f are all negative and
for A > 0 D4 f has a positive eigenvalue. Hence the trivial branch is stable for A < 0 and
unstable for A > 0. Since 0y = 1 > 0, we obtain from Crandall-Rabinowitz that

sign(sX(s)) = —sign(s), sign(A7(0)) =1 =  sign(ji(s)) = sign(s).
and the non-trivial branch is stable for s < 0 and unstable for s > 0.

Example 3.1.7. With the same G consider

flu,\) = Au— (po + Nu+u® =0 in G,
u=20 on 0G .

Again we find that the trivial branch of f bifurcates in A = 0 with (u(s), A(s)), where
u(s) = sug + uy(s).
We differentiate the equation f(u(s), A(s)) =0 w.r.t. s and obtain
(A — po) (up + Osu1(8)) = A(8)Dsu(s) + FA(s)u(s) + 3u?(s)dsu(s),
i.e. Osui(0) = 0. Differentiating once more and evaluating in s we obtain
(A — 10) D%ur(s) = A(5)0%u(s) +20,A(5)Dsu(s) +I?N(s)u(s) + 3u?(s)0%u(s) + 6u(s) |dsu(s)|” .

We take the L?-product with uy and obtain
0 = 20,A(s) luollz2 + OZA(s)s [|uoll 7= + G/GS [uo|* [9su(s)[* + O(s?).
Using dsu1(0) = 0 we obtain yields d;A(0) = 0. Hence a Taylor expansion in d;A(0) yields
20:0(0)s [[uol 2 + 92A(s)s [luolz. + G/GS [uo|* [Dsu(s)[* + O(s?)
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and dividing by s = 0 and s — 0 we obtain

2
[uoll” /e

In particular, 9*A(0) < 0 and the bifurcation diagram yields a bifurcation “to the left”. This
behavior is called “subcritical”. The trivial branch has been analyzed above and we obtain
from Crandall-Rabinowitz that the non-trivial branch is stable.

3.1.3 Hopf Bifurcation

In what follows, let 2" be - as usual - a Banach space and let T'(z,t,\) : 2" — Z be a
family of “dynamical systems”. In the following, we basically rely on the property T'(x, ¢, A)o
T(x,s,\) =T(x,s+t,\). The map T'(-,t, \) is called Poincaré map if for every ug € 2" the
function T'(uo, t, \) solves the evolution equation

u= f(u(t),\), u(0) = ug .
Lemma 3.1.8. Let T : 2 x RxR — 2 be C? and let
L(t,\): Z - X2, z+— Dy T(0,t, M) (x) .
We make the following assumptions

1. id — L (tg, No) is Fredholm Operator with index 0 and has a 2-dimensional kernel Zy =
span(u,v). In particular we find a projection P onto the co-space of % := R (id — L (to, o))
with ker P = 2.

2. The following map is invertible:

D(t,/\)P (L (to,/\())) <U> T RXxR— % .

Then there exists a family of fized points (the dynamical system has a family of periodic
solutions): For small s we find starting points x(s) = su+ x1(s) with periods t(s) = to+o(1)
and A(s) = Ao+ o(1) such that

T (x(s),t(s), A(s)) = z(s).
Proof. We use a Lyapunov-Schmidt reduction with A = R? for the equation x—T(x,t, \) = 0:

r =z + x1(20,t,N),
@(l’o,t,/\) = P.To — PT(IQ +$1(]I0,t, )\),t, /\) =0.

Note that z1(0,¢,\) = 0 and Dg;z1(0, %9, \g) = 0. Using the particular ansatz zo = su the
bifurcation equation takes the equivalent form (compare to the proof of Theorem 2.2.11)

(s, 1) %@(su,t, A)  fors#0,
S? Y -
Dy ®(0,t,\) fors=0.

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 62

The non-trivial zeros of ® correspond to the zeros of ¥ and ¥ is of class C*.
A given non-trivial zero is

\ <O,t0, )\0) = Pu— PL(to, )\0) <U> =0.
We solve (t,\) = (t(s), A(s)) for small s using the implicit function theorem applied to

Dy P (0,0, Ao) = Dty (Pu— P L(t,\) <u>)| = D P L(to, \o) (u) |

(to,Mo)
which is invertible by assumption. [

Theorem 3.1.9. Let f € C*(R? x R;RY) such that f(0,\) = 0 for every A € (—6,5). We
assume

1. The linear map A(N) := Dy f(0,\) has for X = Xg the eigenfalues +ify, By € Ry.
(imaginary eigenvalues)

2. All multiples kify are not eigenvalues of A(N\g) (Resonance)

3. The C'-continuation a(\) +iB()\) of the eigenvalue i3y satisfies Oya (o) # 0.

Then the equation & = f(x,\) has a family of non-trivial periodic solutions of the form x(t, s)
to parameters A(s) = No+o(1) with period t(s) = Z—g—i—o(l) with inital values (0, s) = su+o(s)
for small s.

Proof. We verify that Lemma 3.1.8 can be applied for ty = 2& and T the dynamical system

for f. We start with the following claim: ”

If T(-,t, A) is the Poincaré mapping corresponding to x — f(x, A), then L(¢, A) (-) is the
Poincaré mapping corresponding to z — Ax. This follows from differentiating 0,7 (xq, t, ) =
f(T(xg,t, ), \) w.r.t. direction T:

O, L(t,\) = Dyd,T(0,t,\) (z)
=Dy f(T(0,t,\), Do T(0,t,\) (z) = AL(t,\).

We consider the evolution in C? and split it in the generalized eigenspaces to A. The evolution
of an eigenvector v with eigenvalue p has the form

v(t) = etv, v=Av.

Hence the kernel of id — L(tg, Ag) is spanned by the eigenvectors of A with e’ = 1, i.e.
= 1kPy. Assumptions 1. and 2. hence imply that the kernel is 2-dimensional.

We chose two eigenvectors u, v such that Au = iyu, Av = —ifyv. For the corresponding
real basis vectors we chose w; = Reu and wy = Imu. These vectors satisfy

Aw; = Re (Au) = Re (ifpu) = —Polmu = Byws

and similar Awy = Byw;. The projection P is the projection onto span (wy, ws).
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We extend u and v to eigenvectors u(A), v(A) with P(u(\)) = u, P(v(\)) = v and
eigenvalues a(\) £i5(\). For these eigenvectors we calculate

D(tv/\)PL (to, )\0) TRxR— %
It holds
L(t, A) - u(A) = exp ((a(A) £i8(N)) 1) u(N),
and similar to PL. We differentiate in ¢ and A and obtain
8tPL (to, )\0) <u> = iﬁou,
a)\PL (t(), /\0) (u) = (Oz,<)\0)t0 + Zﬁl(Ao)) u.
Using real vectors w; and w, this reads
OtPL (tg, /\0) <’LU1> = —ﬁowg,
8,\PL (tg, /\0) <U)1> = Oé,</\0)t0w1 — B/(Ao)wg .

Since o'(Xg) # 0, the map D )P L (to, \o) (w1) is invertible and we can apply Lemma
3.1.8. 0

Example 3.1.10. Consider the damped oscillator
V' + ) =M +y=0.
Writing v = (y,y’), we arrive at
(5 ) (a)
-1 A u3
The eigenvalues are given by ug € C with
—p(—p+N+1=0 = u1,2:%<>\im> .

In case A = 0 we find conjugate complex eigenvalues with d\Rep 2 = % # 0. Hence we have

Hopf-bifurcation in A = 0 and there are non-trivial solutions with small amplitude close to
0.

Example 3.1.11 (Van der Pol oscillator). Consider
Yy
Vo o) =0 o) = [ (s,
0
we set u; =y and ug :=y' + ®(y). Then
oo (B
—g(u1)

Here we consider g(y) =y and f(y) = A(y? — 1) and ®(y) = X (3A* — y):

o — ( —)\%u‘;’—l—)\ul—l—uQ ) '

Like in last example, linearization around A = 0 and v = 0 yields

, (A1
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Example 3.1.12 (Hamilton System). We consider the Hamilton system:
atx:_ayH<xuy)7 aty:axH(xvy>7 x7y€Rd7

where for simplicity we consider

d
v
ZEJ 24+ y7) +0(|x\ + |y| )
j=1
where v; # kv, k € Z. Then consider the pertubation
Owx = N0, H(x,y) — 0,H(x,y)

From d q
—H = H - = H
p; Vau FTad ANV HI?

we conclude that the system is energy conserving iff A = 0 and for A\ # 0 the only periodic
solution is the trivial one. With N := diag (14, ...14) the linearization yields in 0

0yx = ANx — Ny
Oy =ANy+ Nx

With the 2d x 2d matrices N = ( ](\)[ ](3[ ) and M = ( ](\)[ —é\f ) and ¢ = (z,y) we infer

¢ =ANC+ MC.

For a suitable choice of coordinates, there are solutions

(0 )= (Siion o) )

and other coordinates are of order o(s).
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3.2 Gradient Flows

3.2.1 Convex Analysis and Monotone Operators

We recall some well known results from convex analysis on a reflexive Banach space %
with dual #* and dual pairing (b, b*) 2.2 A good outline of the standard theory of convex
functions and functionals can be found the book by Ekeland and Témam [2] or by Rockafellar

[9]-
A function ¢ : Z — R U {400} is convex if

Vb, by € B, A€ (0,1) : @ (b + A(ba —b1)) < (1= X)p(br) + Ap(bs), (3.4)
which in equivalent to the convexity of its epigraph
epip :={(b,r) € BZxR : p(b) <r}.
A function ¢ : & — RU {400} is strictly convex if in (3.4) the strict inequality holds.

Lemma 3.2.1. A convex function ¢ is lower semicontinuous (l.s.c.) if and only if epip is
closed.

Proof. =: This is evident by definition of epigp.
<: Since (b, (b,)) € epip and b, — b, p(b,) — ¢ with (b, ¢) € epiyp, it holds ¢ >
(D). O

Let us observe that subsets of ¢ are convex. This follows from the fact that for ¢(b), ¢(bs) <
r also ¢ (by + A (by — b1)). This implies that

Lemma 3.2.2. if a convex ¢ is l.s.c., then ¢ remains l.s.c. if B is equipped with its weak
topology.

Proof. Let b, — bsuch that w.l.o.g. ¢(b,) — r = liminf, ¢(b,). Then C,, :={a € B : p(a) < ¢(b,)}
are closed, convex with (bj)j>n C (), and hence b € (), on noting that the weakly closed sets
are the closed convex sets. This implies b € (), C,, and hence p(b) < p(b,) for every n. [

Lemma 3.2.3. A convex function ¢ : B — R is continuous in b if and only if it is bounded
in a neighborhood of b.

Proof. If ¢ is continuous, it is bounded in a neighborhood b.

If ¢ is convex and bounded in a neighborhood of b, we reduce to the case b = 0 and
©(0) = 0 by translation. Let V' be a neighborhood of 0 such that p(v) < a < 400 for all
v € V. Defining W := V N =V (a symmetric neighborhood of 0), let us take ¢ € (0,1).Vor
every v € eW we have by convexity:

v v
- : < — - <
VZeW: ) < (1 8)30(0)—1—&0(6)_5@,
v v
- : > —cp(—=) > —ca.
V—ZeW: )= (1+e)p(0) w( 6) > _ca
This implies |F| < ea in eW. O
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The domain of a convex function ¢ is the subset of # on which ¢ is finite, i.e.
dom(p) :={be B : ¢(b) < +oo} .
For a convex function ¢ the Legendre-Fenchel conjugate ¢* is defined through

0" B — RU{+o0}, b"— sup{(b*,b) —p(b)}.
be#

Theorem 3.2.4. For every l.s.c. convez function ¢ : B — (—oo,+00] it holds p = ¢**.
Proof. For every b* € 9* and every b € & we have by definition of ¢*:
P (b") = (0,07) —p(b) & @(b) = (b,0%) — " (b7)

and ¢ > ¢**. Moreover, an affine function fy« o : b — (b,b*) — «v is everywhere below ¢ iff
©(b) > (b,b*) — a. In that sense, « = ¢*(b*) is the smallest value of a such that the affine
function fp- o lies below ¢(b). If we can show

o(b) =sup{f(b) : f is affine function below ¢}
the claim follows from
7 (0) = sup ((0,07) = ¢"(b"))
> sup (for.a(D))

=sup {f(b) : f is affine function below p} .

Theorem 3.2.5. For every l.s.c. convez function ¢ : B — (—o0,+0o0] it holds

o(b) =sup{f(b) : f is affine function below p} .

Proof. If ¢ = 400, this is obvious. On the other hand, assume b € % and @ € R such that
@ < ¢(b). We will show that there exists an affine function f such that f(b) > @ and f < ¢.
This will imply the theorem.

Since epiy is convex, we can separate it from (b, @) by a hyperplane

H:={(bya) e ZxR : l(b)+«aa = p},

where [ : Z — R is linear.

Now, if p(b) < 400, we find
1(b) + ap(b) > B > 1(b) + aa. (3.5)

and for b = b that
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and hence o > 0. This in turn implies that f(b) := g - @ (note that the kernel is #) is the
solution.

In case p(b) = 400, either a # 0 and we are in the above case (where o(b) replaced by
% >a)ora=0. If a =0 (where (3.5) makes no sense), we still find 5 — (b) > 0 and
B —1(b) <0 for b € domg. Hence, for every affine function v — m(b) < ¢(b) and ¢ > 0 it
holds

v = m(b) + (B — (b)) < (D)
and for ¢ large enough we obtain v — m(b) + ¢ (8 — I(b)) > @. O

The subdifferential d¢ : dom(p) — P(£*) (for P(#*) being the power set of H*) of a

convex function is the set

Dy (b) = {b* € #* such that o(b) > p(b) + ((b— b),b" vh e @} . (3.6)

We note that dp(b) = 0 is possible, i.e. dom(p) # dom(dyp) in general.
Related to the notion of subdifferentials are the monotone operators. A multivalued
operator f : dom(f) C # — P(A*) is called monotone if

(by — bg, b7 — b3) >0, Vb €dom(f), Vb e f(b;), (i=1,2).
In what follows, we frequently use the following usefull properties of convex functionals|?].
Lemma 3.2.6. For every
©: B — RU{+o0}, conver and lower-semicontinuous, with ¢ # +00. (3.7)

it holds

(i) ©* is convez, lower-semicontinuous, and dom(p*) # (),

(i) Op, Op* are monotone operators,

(i11) o(b) + ¢*(b*) > (b,b*), vV (b,b*) € B x HB*.

(v) b€ dom(p) and b* € 0p(b) < b* € dom(¢*) and b € 0p*(b*).

(v) b* € dom(¢*) and b € 0p*(b*) < @(b) + ¢*(b*) = (b, b*).

We refer to (v) as Fenchel’s equality and to (iii) as Fenchel’s inequality.

Proof. (i)
" (b1 (1= A)b3) = sup {{(Ab + (1 = A)bz), b) = (A+ (1= A)) (b))
< Asup {(b7,0) = (b)} + (1 = A)sup { (b3, b) — (D)} -
be# be

In order to verify the Ls.c. property, note that epig* = (), epi ((b, -) — ¢(b)) and hence is
the intersection of closed convex sets. Therefore, epip* is closed and convex and hence ¢* is
L.s.c.
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By Theorem 3.2.5 there exists a continuous affine function (-, b*) + o < ¢ and hence
©*(b*) <sup{(b,b*) — (b,0") —a} = —«.
b

(ii) follows from the definition of the subdifferential
(iii) follows from definition of *. -
(iv) and (v) If b € dom(yp) and b* € Op(b) we have for every b € A:

(0,0%) — (b) = (b,0") — (D)

and hence ¢*(b*) = (b,0*) — (), i.e. (v). Furthermore, the above inequality implies for
b e A

o(b") > <b, E*> —o(b) > (5,5 — p(B) + <b, b — b*> — " (b") + <b, b — b*> :

which implies the claim. the oposite direction follows similarly using o™ = ¢ O]

3.2.2 Integral Convex Functionals

In this section, we will study functionals of the form
Ty : = [ F mou(m)dum),

where f : M x RP — R is measurable on M x R” and convex, lower semi-continuous in
the second variable. It is by no means clear the the above functionals are well defined on
spaces of integrable functions, though it is clear that if they are well defined, they are convex
functionals. Functionals of the above type have been studied in detail by Rockafellar in [8]
and we will summarize his main findings below.

Definition 3.2.7. Let (M,.%, i) be a measure space and let f: M x R? — R. We call f a
convex integrand if f is proper (i.e. f # +00) and for every m € M the function x +— f(m, )
is convex. We call f a normal convex integrand if

1. f is lower semi-continuous in R? (i.e. f is a convex integrand)

2. There exists a countable family (u;),.y of measurable functions from M to R” such
that

(a) for every i € N the function m +— f(m,u;(m)) is measurable

(b) for every m:
{u;(m) : i € N} Ndomf(m,-) is dense in domf(m,-). (3.8)

The class of normal convex integrands is not empty, as the following lemma shows.
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Lemma 3.2.8. Let f be a convex integrand such that for every x € RP the function m
f(m,x) is measurable and such that for every m the function x — f(m,x) is lower semi-
continuous and has interior points in its effective domain domf(m) := {x : f(m,z) < co}.
Then f is a normal convex integrand.

Proof. The first point of Definition 3.2.7 is satisfied. Now let (r;),.y C R” be a countable
dense subset and let u;(m) = r;. Then, m — f(m,u;(m)) is measurable by hypothesis.
Furthermore (3.8) is satisfied by density of (r;),.y C R”. O

Corollary 3.2.9. Let f be a convex integrand having only finite values such that for every
x € RP the map m — f(m,x) is measurable. Then f is a normal convex integrand.

Proof. The function f(m,-) is continuous since domf(m, ) = RP. ]

Lemma 3.2.10. Let f be a normal convez interand and consider Iy : LP(M) — R. For every
u e LP(M) it holds ¢ € 0l¢(u) if and only if p € LI(M), %4—5 =1, and o(m) € Of(m,u(m))
for p-almost every m € M.

Proof. Let ¢ € 0I¢(u). Then

Yv e LP(M) : If(v)ZIf(u)—i—/(v—u)-go.
M
For every measurable M C M let 9(m) := u(m) on M\M and &(m) = v(m) on M. Hence,
we infer from the last inequality

M

VM C M / (f(m, u(m)) = f(m, v(m)) + (v(m) = u(m)) - ¢) <0

and hence ¢(m) € df(m,u(m)) for p-almost every m € M.
Conversely, let ¢ € Li(M), —1—5 = 1, and p(m) € 9f(m,u(m)) for p-almost every
m € M. Since we have

1
p

for almost every m € M : f(m,u(m)) — f(m,v(m)) + (v(m) —u(m)) - ¢,
it follows that ¢ € 0l¢(u). O

Lemma 3.2.11. If f is a normal convex integrand, then f* is a normal convexr integrand,
too. Furthermore, f(m,u(m)) is measurable for every measurable function u : M — RP.

Proof. By definition,  — f(m,x) is convex l.s.c. (Lemma 3.2.6) for a.e. m € M. Since
for every z the function m — f(m,x) is measurable, we find by definition of the Fenchel
conjugate

f(m, u*(m)) = sup (u*(m), ) — f(m, z)

T

is the pointwise supremum of measurable functions, hence measurable. Furthermore, f*(m,-)
is by definition convex l.s.c.. Hence it remains to verify 2.(b) of Definition 3.2.7 for f*. Note at
this point that by f** = f and the above observations we obtain measurability of f(m,u(m)).

The verification of 2.(b) of Definition 3.2.7 can be found in Rockafellar [8]. O
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We are now able to state the well-definitness of the involved integrals:

Theorem 3.2.12. Let 1 < p < oo with 110 + % =1 and let f be a normal convex integrand.
Suppose there ezists at least one u* € LY(M) such that f*(m,u*(m)) is integrable. Then

I: (M) =R, Ij(u) = /M Flm, u(m))du(m)

is a well-defined convex functional on LP(M) with values in (—oo, +00].

Proof. Lemma 3.2.11 ensures the measurability of m +— f(m,u(m)). Furthermore, for u* €
L9(M) from the hypothesis, it follows for a.e. m € M that

f(m,u(m)) = u(m) -u*(m) = f*(m,u*(m)) > —o0

and hence If(u) > —oo and measurability implies that /; is well defined. The convexity of
I+ follows immediately from the convexity of f through

Gwr%ﬂw—ﬂﬂﬁiﬂfﬂﬂn+Mw—um

SAAI—Mmeﬁ+Aﬂwm)
= (L= A) Ip(-,ug) + My (- us) .

In what follows, we will show that Iy and I;- are conjugate.

Theorem 3.2.13. Let 1 < p < oo with %—f— % =1 and let f be a normal convex integrand
such that m +— f(m,u(m)) is integrable in m for at least one w € LP(M) and f*(m,u*(m))
is summable for at least one u* € LI(M). Then Iy and Ip+ are proper convex functionals
conjugate to each other.

Proof. The general proof is to lengthy for our purpose, hence we restrict to the case f(m,u) =
f(u) is continuously differentiable. In particular, the Ls.c. of f implies that u — [, f(u) is
strongly [.s.c. as well as weakly [.s.c.. Hence

1wy =sw [ wu = [ ),

Let u,, be a minimizing sequence of the right hand side. W.l.o.g. we can assume u,, — u and
hence [, f(u) <liminf, [, f(u,) which implies

wNMSAﬂm—&ﬂmsAﬁwy

Let 3 < Ip«(u*) and let (m) be a function with a(m) < f*(u*(m)) and [;, o > . Then
—a(m) > inf (f(z) — 2z - u*(m)) .
Since Jf is continuous an monotone, we can provide a measurable function z(m) which
minimizes the above expression. In particular, we infer
a(m) < f(z(m)) — x(m) - u*(m)
and hence I (u*) > (I;)" (u*). O
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3.2.3 Existence Theory for a Class of Gradient Flows

The homogenization of convex functionals opens the door to the homogenization of a hughe
class of dynamic problems (note that the homogenization of convex functionals was a purely
stationary problem). A deep introduction into the field of gradient flows is given in [1]. We
consider the following equation in a reflexive Banach space 4:

€ OV* (=D&(t,u)) . (3.9)
where we impose the following assumptions:
Et,u) = Eu) = (f(t),u)
where f € WH(0,T; %). In particular, we solve the equation
€ oV (=DE(t,u)+ f) . (3.10)

The notion “gradient flow” comes from the following observation: Consider £ : R — R a
lower semi-continuous functional with £(u) — oo as |u| — oo and the equation

uw=—-VE(u).
This is equivalent with the system
d . .
&) == [VEu®) )], |VE®)] = lat)] ,
or according to Lemma 3.2.6
U (=DE(u)) + ¥ (i) = — (DE(u) , ),

with U*(u) = %u? In the late 90’s it was observed that this structure can be made use of in

much more general context.

Example 3.2.14 (Diffusion equation). Consider £(u) = [, 3 |Vul* — [, fu with T*(&) =
Jo 362 Then DE(u) = —Au — f and the above formalism leads to

w=Au+ f.
On the other hand, consider £(u) = [, 3 [u” — [u(=A)"" f with T*(¢) = [, 1|V This
leads to the same result.
Both approaches are not physical. The driving physical quantity is the entropy &£(u) =

Jq, uInw. The corresponding ¥* is W% (&) = [, su|VE |”. This is the Jordan-Kinderlehrer-Otto
formalism of the Diffusion equation in the Wasserstein metric space

i € 0% (~DE(u)) .

Assumption 3.2.15. The functional € : [0,T] x Z — R and ¥V : B* — R satisfy
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1. & is a strongly l.s.c. function with compact sublevels, that is

FC% sup€(u) < oo = F' is precompact,
uelF

and such that u, — u, DE(u,) — £ and sup,, €(u,) < oo implies
E(uy) — E(u), & =DE(u). (3.11)
2. VU is [.s.c., p-homogeneous (i.e. V(ab) = |afPW¥(b)) and conver, 1 < p < oo with
1,1
1yl
P a

The particular property of p-homogeneous functions which we will use here is the follow-
ing:

Lemma 3.2.16. If V is Ls.c., p-homogeneous (i.e. W(ab) = |a|PW(b)) and convex, 1 < p <
oo with }D + % =1 then ¥* is g-homogeneous.

Proof.
* * * |Oé ! * |a|q
U*(ab*) = sup (b, ab*) — ¥(b) = sup { —b,ab* ) =V [ —b
be R e \ & «Q
= suplal’ (b,5) — [a] VW () = |a|" T* (b) .
be#

From Lemma 3.2.6
U (=D& (t,u)) + W (u) > — (DE(t,u), @) .
we infer that (3.9) holds if and only if
U (=D& (t,u)) + V¥ (u) = —(DE(t,u), ) .

Integrating the last equality over time yields

E(T,u(T)) +/0 (U* (—=DE(s,u(s))) + U (u(s)))ds = £(0, up) +/0 0:E(s,u(s))ds,

which is equivalent to
E(T,u(T)) + /OT (U* (=DE(,u) + f) + ¥ () = £(0,u0) + /OT <fU> :

where u(0) = wy. A very general existence theory is outlined in [10] and for the case of
quadratic U*, the most general theory is outlined in [11]. Here, we will consider the following
simplified setting.

By the above considerations, it is trivial to see that

T

€(T,u(T))+/OT (U (=DE(-,u) + f) + ¥ (a)) Z€(O,uo)+/0 <f,u>

always holds and the tough part is to prove the inverse inequality.
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Theorem 3.2.17. Under the above assumptions and the additional assumption that there
exists ¢ > 0 with ¢ ||£|%. < U*(&*) and ¢ ||&||, < W(E) for all (€,&*) € B x PB* the gradient

flow inequality

T

T

E(T, u(T U (=D&, U (1)) < &(0, 3 3.12

(T, u >>+/0< (~DE(-u) + f) + ¥ (@) < &( uo>+/0 (fu)y  (312)

has at least one solution u € L>(0,T; %), i € LP(0,T; %) and DE(-,u) € L1(0,T; B*) with
u(0) = up.

Remark 3.2.18. a) Note that the oposite inequality in (3.12) holds for all sufficiently regular
functions u due to Lemma 3.2.6.
b) Theorem 3.2.17 also implies that u(t) € dom D& (¢, -) for almost every t.

We introduce a modified Moreau-Yosida approximation defining

U —1u

i) =m0 (U)o e - ().
E(f,a) := inf (o, f,u;u) o>0

N4

and note that there exists at least one minimizer in case © € dom&. In particular, the
following set is not empty

Jo(f, @) = argmin, . ,E (o, f, U; u) . (3.13)
We note that u(t) € J,(f, a) satisfies

u—u

ou ( ) L DE(W) —f =0 (3.14)

T

Lemma 3.2.19. Under the above assumptions, the map o — E,(4;§) is locally Lipschitz for
every o € dom(E), and

d Uy — U

et = (-

g

) Vo € (0,7.)\Nz . (3.15)

In particular, for all oy and uy, € Jyy (f, @) we have

/an U (ugo - u) n /000 U (=DE(uy) +§) do < E(@) — E(toy) — (it — Uy, ) . (3.16)

0o

Proof. We first observe that &, (a;f) < £(u) — (a,f). Hence, U, g Jo(f, @) is bounded and
also sup, oW (%1) < o0o. First we have

2
oy ' —ol ) ¥ (ug, — @)
1

501 (fb; f) - 502 (fL; f) < g<u0 ) - <u027 f> + U%ipkp (uoz - fb) - 5(”02) + <u027 f> - Oéip\y (u02 - 71)
(
<

p—1 _p—1
Oy 03
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for every 01,09 € (0,1) and u,, € J,, (@,f). Interchanging the sign of the inequality and o4
and oy we obtain

. . (05— ot ) ¥ (up — @)
801 (u; f) o 502 (u; f) 2 O_p—lo_p—l :
2 1

we devide both relations by o9 — 07 and obtain

(0120_1 B 0217_1) N (uaz - ﬂ) > 501 (ﬁQ f) - 802 (ﬂ; f) > (0227_1 B Uf_l) v (UUI - ﬂ) ‘

b oy — 1) (09 —01) (09 —0y) o to? !

=
01

The last inequality implies that &,, (@;f) is Lipschitz continuous because

i (0’5_1 — 0’13_1) U (Uy, — )  (p- 1)012’_2\11 (Ugy — ) 1w Ugy — U
im P = -2 = (r )
o102 (09 —01)0y 0} o5 (op)

and hence the left hand side is bounded. It remains to show that for almost every oy it holds

p—1 p—1 ~ ~
o, —O U (Uy, — U oy —
o] — 09 = (2 ! ) _(1 1_1 )—>(p—1)‘11<u2 u)
(09 —01) 0h " of (0P

Since 0 — VU (u, — @) is bounded, it is sufficient to show that o — ¥ (u, — @) is also mono-
tone, which implies it is almost everywhere continuous. But monotonicity follows from the
definition of u,:

Ugy — U

o ¥ ( ~> + E(Uo,) = (Uoy, F) < 07T (g, — @) + E(Ugy) = (Uery, f)

01

Uy, — U

< (077 — ) W (uy, — ) + ok ( ) - E(10y) — (10T

02
— U

< (077 =0y ") U (up, — @) + 030 (uala
2

)+ €~ (o
and hence
(Uiip - Uéip) v (ua'l - ﬂ) < (Uiip - O-%ip) v (uUQ - ﬂ) )
which implies ¥ (uy, — @) < VU (u,, — @) in case g9 > 7.
In order to proceed note that

O (U™ (au)) = (u, 0¥ (au)) = 0o (a?W"(u)) = qa® U™ (u),
and for @« = 1 we conclude (u, OV*(u)) = p¥*(u). Furthermore, we infer from (3.14) and
Lemma 3.2.6 that

=09 () = (p- 1) {-De(u) +1,

Uy — U

> C(p - DU (-DE(u,) +

and becase “==% € 9U* (=D& (u,) + f) we find

=09 (“20) == ) g~ 1) ¥ (-DE(w) +) = ¥ (~DE(w) +).
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Integrating (3.15) over o we deduce

/UO v (UUO . u) + /UO V" (=DE(uo) +) dor = lim &6 (@) = E(uoy) + (e, f. -
0 0 i

g0
Finally, note that £(u,) — (u,, f) < E,(a) < E(u) — (4, f) which implies the claim. O

For fixed 0 < T' < oo and time step 0 < 7 < T, there corresponds a partition of (0,7") as

t0120<t1<"‘<tj<"‘<"'<tN,1<T§tN, th:jT, N e N.
We set .
_ . 1 J
Fo(t) = FI _—/ f(s)ds forte (tyit], j=1,...,N
T tjfl

and note that

T HFT@) q@* < HquLQ(tj_htj;%’*) vt € (tjflatj)

[z sy < W sty VISm<n<N

F.— f asT— 0strongly in L9(0,T; %*).

Let u? := g for all 7. For j =1,..., N we let

ul € J(F ul™t). (3.17)

T YT

We denote the piecewise linear interpolant u, and define the constant interpolant @, by, (t) :=
ul, t € (tj_1,t;], as well as the De Giorgi variational interpolant @, through @, (0) = v and

i, (t) € J,(FI ul™h) fort =t,_1 +0 € (tj_1,t]. (3.18)

T T

We note that @, (t) satisfies
~7_ 1) — j—1 .
o (%) + DE( (1) — FI =0 (3.19)
The tool which fill finally allow us to pass to the limit is the following.

Theorem 3.2.20 (Simon’s Theorem [13]). Let & be a Banach space and let FF C L*(0,T; AB).
F s relatively compact in LP(0,T;B) for 1 < p < oo, or in C(0,T;A) for p = o if and
only if

to
VO <ty <ty <T: {/ f)de : fe F} is relatively compact in A, (3.20)
t1
?ug 1f(-+h) = flleorz =0 ash—0. (3.21)
S

The proof of Simon’s Theorem is based on the Ascoli characterization of compact sets in

C([0,T]; A).
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Lemma 3.2.21 (Ascoli compactness criterium). Let % be a Banach space and let F C
C([0,T); B). F is relatively compact if and only if it is pointwise compact and uniformly
equicontinuous that is

Vie[0,T] : F(t):={f(t) : feF} isrelatively compact in A, (3.22)
Ve >0dn >0 : lti =t <n = VfeF :|f(ti)— flta)|l, Le. (3.23)

The proof of this lemma is very similar to the finite dimensional case and one only needs
to replace the Heine-Borel property with (3.22).

Proof of Theorem 3.2.20. Assume that F' is relatively compact. Then f +— fttlz f)dt is
continuous and hence (3.20).

Since F'is compact and C([0, T]; A) is dense in LP(0,T; %), for every € > 0 exist finitely
many (f;),_, ,, C C([0,7T]; &) such that

FCUIB%%(fZ-).

Furthermore, there exists hg > 0 such that for all h < hg and all 7 it holds

3

HfZ( + h) - fz’(')HLp((),T_h;gg) < g .

From this we conclude (3.21) using the classical ansatz
FAB) = FO) = (A B) = FC R+ G B) = RGO+ FO) — 0.

Now assume that F'satisfies (3.20)—(3.21). We only treat the case 1 < p < oo, the other case
follows analogously in C([0,T]; #). We prove compactness of F' in three steps.

Step 1: For every f € F and a > 0 we define the right mean function M,f(t) :=
L ("% f(5)ds. Then M,f € C([0,T — a]; ) and for every t,t; € [0,T — a] one has

a Jt

1 [hite 1
It =gl = | [ 00— 0 = 1) =t )= O
B

t1

Then (3.21) implies that M,F is uniformly equiconinuous. Furthermore, (3.20) applied to
t1 = t, ty = t + a implies that M, F'(t) is relatively compact in . From the Ascoli-Lemma,
we obtain that M,F' is relatively compact in C([0,7 — a]; #). By that, M,F is relatively
compact in LP(0,7T; A).

Step 2: It holds

1 a
Maf = £ =5 [ s) = s
0
and hence
”Maf - f”LP(O,Tfa;._%’) < sup Hf( + h’) - fHLP(O,Tfa;%’) :
0<h<a
From (3.21) we conclude that for every € > 0 there exists a such that A < a implies

£

VIEF : IfC+h) = fllera < 3
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Since M,F is relatively compact in LP(0,T — a; ), there exist finitely many balls ]B%g( fi) C
LP(0,T — a; %) such that M,F' < |J; B (f;) and with the last two inequalities this implies
F c U, B.(f;) is compact in LP(0,T — a; A).

Step 3: By change of direction of time, we infer F' is compact in LP(a,T; %B). Together,
this implies compactnes of F. m

Finally, we will need Helly’s theorem on convergence of monotone functions.

Theorem 3.2.22 (Helly’s selection principle). Let g, : [0,7] — R be a sequence of non-
increasing functions, such that sup,, ||gn||,, < 0o. Then there exists a non-increasing function
g: 10, T] = R such that along a subsequence g,(t) — g(t) for a.e. t € [0,T].

Proof. (Short version) Let R = (ry),cy be an enumeration of Q N [0,7]. By the standard
Cantor argument, we find a subsequence such that g, (r;) — gx for every k € N and we define
g(ry) == gr. Since ry — g(ry) is non-increasing (monotonicity is preserved in the limit), the
limit g(t+) := lim,,\+ g(r) and g(t—) := lim,, » g(r)) are well defined and non-increasing.
This implies that ¢ — g(t—) is continuous except for a countable subset of [0, 7.

In such continuity points, let € > 0 be given and let 7, < ¢ < r; such that |g(ry) — g(r;)| <
5 and let n € N such that |g,(rc) — g(7%)| + |gn(r1) — g(ri)| < §. Then [g,(t) — g(t)] <e. O

We are now in the position to prove Theorem 3.2.17.

Proof of Theorem 3.2.17. We add up (3.16) from ¢ = 0 to ¢t = t; and obtain for all 7 > 0
that

E(ul) - (F7, T>+Zﬂp( Uy — Uy 1) +/OU U (—DE (@i, () + Fo(t)) dt

= E(uo) = (f(0)uo) = 3 _(F} = FJ~"ug) . (324)

Hence, since f € W14(0,T; %*), we obtain from the last equation and the estimates on ¥*
resp. ¥ that

[\l oo,07y3) T el oo 0,07,) F IPE(Ur ()| Lao,07y38) < €'
and with help of Simon’s Theorem we obtain the existence of
uw € WH2(0,T; %) N L>(0,T; dom&)

such that as 7 — 0 we have for a subsequence u, —* u weakly* in the respective space and
such that
u, = u  strongly in LP((0,7); A) .

and for almost every ¢ € [0, 7]

ur(t) — u(t) strongly in £ . (3.25)

Berlin/Miinchen 2019/2020



M. Heida Nonlinear Analysis 78

On the other hand, we first note that

|ur(t) — ul™

t 1
. -1
o= [ Nl ds <7 il
1

j—

while on the other hand (3.24) yields

J
U (@, (t) —ul ) <797 (8<uo> — (£(0),u0) — Z (FI = F Yl + (F ol )

Hence we find for almost every t € [0, 7] that
U, (t) — u(t) and w,(t) — u(t) strongly in Zast—0. (3.26)
We define the sequence of functions e, and (, through
J
6T(tj) = 5(1,0;) ) gT(tj) = Z <uj—_1 - uiv FZ>* .
i=1

extending these functions to [0, T] by e, (t) = e,(t;_1) for ¢t € [t;_1,¢;) and similary for (.. By
(3.24), the functions ¢, := e, + (, are nonincreasing lower semi-continuous and by Helly’s
theorem, there exists a limit function ¢(t), such that for almost every ¢t € [0,7] it holds
©-(t) = (t) and this convergence holds particularly for ¢ = 0. Furthermore, observe that

J-1

Glt) = (ul Fy), — (i F), = 3 Fro — ),

=
t .
= {ult). S0, = £O), = [ (ule), (o)) ds.
Hence, by lower semi-continuity of £ and the pointwise convergence (3.25)—(3.26) that

Eu(t)) < liminf E(u,(2)) = lim (- (t) — (1))

T—0

exists. We finally obtain that (3.12) holds. O

The Cahn-Hilliard equation

We study study the quasilinear Cahn-Hilliard equation on a domain €2
Ou+ A (Au — sy(u)) =0,
with Neumann boundary conditions d,u = 0 and 9, (Au — sj(u)) = 0 and rewrite
Ou=—A[—(—Au+ sy(u))] = —A[=Dr2E(u)] ,

where
E(u) = {fQ (ol AT o= ) (3.27)

+00 otherwise.
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With our experience from above, we discover immediately
Oyu = 0V* (=DE(u))

where U*(€) = [p, 3 |VE?, which suggests that & = Hiy (Q), where Hi (Q) = HY(Q) N
{fu—0).

A typical choice for sq is given by so(u) = u* — u? which easily implies that D;2€(u) =
sp(u) — Au is well defined on domDE = H?(Q2). The Cahn-Hilliard equation is a so called
phase-separation model, i.e. in a system of two immiscible fluids (air and water, oil and water,
...) u =1 indicates one phase (say water) and u = —1 indicates air. All intermediate values
of u € (—1,1) indicate the so-called mushy region. In this context, it is more reasonable to
restrict the domain of £ to u € [—1,1], and a general result from Abels and Wilke justifies
this approach:

Lemma 3.2.23. [?] Let 51 =0 and so : [a,b] — R be a continuous and convexr function that
is twice continuously differentiable in (a,b) and satisfies lim,_,, sp(x) = —o0, lim,_,, so(z) =
+00. Moreover, we set sy = +oo for x & (a,b) and let € be defined as in (3.27). Then, for
the L?-subdifferential it holds
- 0}
o0

(3.28)

D (505) = {ee BN LY@ : si(0) € LAQ), si(0)[Vel* € L(Q), e

u

and
D2E(0) = —Au + sy(a) . (3.29)
The norm on H(lo)(Q) is given by Hu”i%) = fQ |Vu|> and the Riesz-isomorphism with

H(B)l(Q) is given by f — (—=Ayx)"" f, where (—Ay) is the Laplace-operator with Neumann
BC. This follows from the equation

Yo € H(lo)(Q) : (f, @)H_17H1 = (U, Q)1 = / Vu- V.
(0)777(0) (0) Q
In particular, the norm on H(B)l(Q) is given by ||f||§%§ = fQ ‘V(—AN)flf‘z. With all
this knowledge, we might set U*(§) = %”5”?[@1, provided we can show that DH(O;‘S‘(U) =
0
—A (—Au + sp(u)).
First note that the domain of £ does not change if we consider it as a functional on H (5)1 (Q)

instead of L?(Q). On the other hand, we already know that D;2€(u) = —Au+ sy(u). Hence,
for u,u’ € dom& we find

E(') — E(u) = (Dr2&(u), v —u) +o([lu' —ul|2)
= (VDp2E(u), V (=Ax) "/ — u) + Co <||u' - u||H_1) ,

©
where we used that ||u’ — u||H<7§ < C'||u" — ul| ;2. From the last equality, we infer DH@§5<“) =
0

—AD2&(u). Since B = H(_O)1 is a Hilbert space, we find = #* and ¥ = VU*.
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The p-Laplace equation

1 ] Lo
swi= [ 1vup+ [ ew, v = [ Ll
QP Q Q”
With + + 1 =1 we find ¥(§) = 1 fQ €| and the underlying PDE reads

s

We consider

W=[¢7rE, &= =V (IVul"? V) + €' (u) + f(2)

and the existence theorem yields at least one v € W1 (0,T; W,?(Q)) that solves the above
problem.
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3.3 Monotone Operators

3.3.1 Monotone Operators

We introduce the fundamentals of the theory of monotone operators. In this chapter, we
follow [4].

Definition 3.3.1. An operator A : B — %* is called

e radially continuous, if for every u,v € & the function s — (A(u + sv), v) is continuous
on [0, 1]

e hemi continuous, if for every u, v, w € £ the function s — (A(u + sv), w) is continuous
on [0, 1]

e demi continuous, if u, — v in & implies Au,, —* Au weakly* in AB*

e Lipschitz continuous, if there exists L > 0 such that for every u,v € 2 it holds
[Au — Av[| 4. < Liju—v[[4

e monotone, if for every u,v € £ it holds (Au — Av, u —v) >0
e strictly monotone, if for every u,v € B, u # v, it holds (Au — Av, u —v) >0
e d-monotone, if for every u,v € £ it holds

(Au = Av, u —v) > (a([[ullz) = a(llvll5) (lullz = [1v].)

for a monoton increasing function «a

e uniformly monotone if there exists a positive monotone increasing function p : [0, 00) —
R such that u,v € £ it holds (Au — Av, u —v) > p(|lu — v ,)

e strongly monotone if there exists a constant m such that u,v € £ it holds (Au — Av, u — v)

2
m[Ju—wvl|5
Remark. The above concepts can be directly generalized to A : domA C B — %*.

Definition 3.3.2. An Operator A : & — HB* is called coercive if there exists a function
v [0,00) = R with lim,_,o (s) = +00 such that

(Au, u) = ([Jull]) [lul -

Remark 3.3.3. a) every uniformly monotone operator A : & — Z* is coercive w.r.t. y(s) =
(s—1)p(1) — || A0|| 4.. This can be verified by the following calculation: Defining v := u ||ul| '
and n the biggest integer number small than ||u||, it holds
(A, u) = Jlull (Au, v) = |lull ((Au = A(nv),v) + (A(nv) = A0,v) + (A0, v))
> Jlull (A(nv) — 40,v) — || A0

#)

> u] (Z (Aliv) — A((i - 1)v) ,v) - A0 ﬂ)

> Jlull (np(1) — [|40) z-) 2 [Jull (([[ull = 1) p(1) — [|AO]

)
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b) let A be d-monotone w.r.t. a function o and limg_,,, a(s) = co. Then A is coercive
w.r.t. y(s) = a(s) — a(0).

Definition 3.3.4. An operator A : & — #* is Gateaux-differentiable in by € A if there
exists A’ € (B — L(HB, #*)) such that for every u,v,w € £ holds

}13)% (A(u+ hw) — Au, v) = (A'(w)w, v) .

Lemma 3.3.5. a) An operator A : B — B* is monotone if and only if for every u,v € A
the function
t = puo(t) == (A(u +tv), v)

is monotone increasing on [0, 1].
b) If A is Gateaux-differentiable and h — (A'(u+ hv)v, v) is continuous on [0, 1] then A
is monotone if and only if (A'(u)v, v) > 0.

Proof. a) “=": for t; < t, it holds
Pun(ta) — pup(ts) = (Alu+t2v),v) — (A(u + t1v), v)

(A(u + tav) — A(u+t1v) , u+ tav — (u+ t1v))

Tt — 1y
>0.

a) “<=": Let v = w — u then
(Au— Aw, u —w) = Yup(l) — ©urp(0) > 0.

b) “=": For 0 < s < 1 the intermediate value theorem yields 0 < sg < s s.t.
0 < (A(u + sv) — Au, sv) = / (A'(u+ tv)v, sv)dt = 5% (A'(u+ sev)v, v) .
0

Deviding by s? and performing s — 0 yields (A’(u)v, v) > 0.
b) “=": We find

(Au—Av,u—v>:/0 (Alv+tlu—o))(u—v), u—vydt >0.

Lemma 3.3.6. Fvery monotone operator A : BB — F%B* is locally bounded.

Proof. We assume A is not locally bounded. Then there exists a sequence (uy), oy With
u, = uin %A and ||Au,l| 4 — oo. We define o, := 1 + || Au,| u, — ul|. For arbitrary
v € & we find by monotonicity of A:

(@*

ainmun,U>:ain(mun,un—u>+<A(u+v>,v+u—un>+<Aun_A(u+v>,u—un+u>)
gO%((Aun,un—u>+<A(u—|—v),U+u—Un>)

1
< 1+a—]\A(u+v)|

g (0l + llu = unl]) < My
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with M; beeing an independent constant. A similar estimate holds for —v. Hence

1
— (Auy, , v)

Qn

lim sup < o0 Yv e AB.

n—o0

The Banach-Steinhaus theorem yields ln (Au,, , v) < M, ie.

«

||Aun|

g < Ma, = M (1+ || Au,|

e |t — ul]) -

We chose ng s.t. for n > ng M |lu — u,|| < 3. Then the last inequality implies

”Aun|

e <2M .

This is a contradiction to the assumption ||Auw,

g+ — 00. O
Corollary 3.3.7. Every linear monotone operator A is continuous.

Proof. Let u, — u in A and define v,, := —*2="+ if u,, # u and v, = 0 else. Then v, — 0

[[n —ul|2

and hence ||Av,|| 4. < M. This implies by linearity

| Ay, — Aull o < M |Ju, —ufl? — 0.

]

Corollary 3.3.8. Let A be a monotone operator and K C % a set with two constants My, Mo
such that

sup ||U’|| S Mla sup <AU, U) S M27
ueK ueK

then there exists a constant M such that

sup ||[Aul| < M.

ueK

Proof. By Lemma 3.3.6 A is locally bounded around 0. Hence for some £ > 0 we obtain by
monotonicity

1 1
g = sup — (Au, y) < sup — ((Au, u) + (Ay, y) — (Ay, u))
lyll=< € lyll=< €

g (€t Ml)) .

[ Aul

1
<~ | My+ sup |Ay|
€ E=

O

Lemma 3.3.9. Let A : B — PB* be a monotone operator. Then the following statements
are equivalent:

a) A is radially continuous

b) If f is such that for every v € B (f — Av,u —v) > 0 then Au = f
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c) If u, = win B and Au, — f in B* and
lim sup (Au,, ) < (£, u)

n—oo

then Au = f.
d) A is demi continuous

e) If K is dense in B and f is such that for everyv € K (f — Av,u —v) > 0 then Au = f

Proof. a)=b): Let v € & and set v; := u+tv. It holds 0 < ¢t (f — Av, v) and, deviding by t,
0 < (f — Aw, v). For t — 0 it follows by radial continuity of A the relation 0 < (f — Au, v).
Since v was arbitrary, it follows f — Au = 0.

b)=-c): Let u, — u and Au, — f and limsup,,_,. (Au,,u,) < (f, u). Then one obtains
for arbitrary v € £

<f—A’U, U—U> = <f,u>—<f,1)>—<A’U, u_v>
> limsup ((Aup, u,) — (f,v) — (Av, u — v))

n—oo

= limsup ((Au,, u,) — (Au,,v) — (Av, u, —v))

n—oo

= lim sup (Au,, — Av, u, —v) > 0.

n—o0
Due to b) this implies c).
c)=d): Let (uy),y be a sequence with u, — u in Z. By local boundedness of A (Lemma
3.3.6) the sequence ||Au,|| 4. is bounded. W.l.o.g. assume Aw, — f in #*. Then

lim (Au, , u,) = (f, u)

n—o0

and thus Au = f and Au,, — Au. Hence the whole sequence converges weakly.
d)=-e): A is demi continuous and hence radially condinuous. because of a)=-b) it suffices
to show that

MeK: (f-Av,u—v)>0) = MeHB: (f-Av,u—v)>0).
By density of K in Z there exists (v,),, C K with v,, — v. Demi continuity implies
(f —Av, u —v) :T}LIEO(f—Avn, U— Up) .
e)=-a): For the special case K = % e) coincides with b). But b) implies demi continuity
and hence radial symmetry of A. This concludes the proof. m

Corollary 3.3.10. Let A : B — PB* be a radialy continuous monotone operator. Then for
every f € B* the set K of solutions to Au = f is conver weakly closed.

Proof. Let uy,us € K and let u; = tuy + (1 — t)ug, t € (0,1) then vor every v € £
(f — Av, uy —v) =t (Aug — Av, ug —v) + (1 — t) (Aug — Av, ug —v) >0

and by Lemma 3.3.9 Au; = f, i.e. K is convex.
Let u,, be a sequence in K with u,, — u weakly in 4. For arbitrary v € £ we find

(f — Av, u—v) = lim (f — Av, u, —v) = lim (Au, — Av, u,, —v) >0
n—oo

n—0o0

and by Lemma 3.3.9 Au; = f, i.e. K is weakly closed. n
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3.3.2 Stationary Problems with Monotone Operators

Lemma 3.3.11. Let B : R? — R? be a continuous map satisfying

(Ba,a) >0 for all |a] =1 for some R > 0.

Then there ezists a € Br(0) with Ba = 0.

Proof. Assume that Ba # 0 for every a € Bg(0). Then a — —R2% is continuous and by

[Ba]
Brouwers Fixedpoint theorem there exists a € Bg(0) with a = —R%. Then |a| = R and
(Ba, a) = —R|Ba|™! (Ba, Ba) < 0, a contradiction. O

Theorem 3.3.12 (Browder-Minty). Let A: B — %* be monotone, radialy continuous and
coercive. Then for every f € %* the set K of solutions to

Au=f
15 convex, weakly closed and not empty.

Proof. Because of Corollary 3.3.10 it suffices to show that there exists at least one solution.

Let (hq),,cn be a complete system of linearly independent elements and let %, := span (A, . . .

The map
d
C: R*'— Ay, (al,...ad)%Zaihi
i=1
is continuous and invertible and |a|c := ||Cal|, defines an equivalent norm on R?. Next we
define

B: RY -5 RY, a— ((ACa — f, hi))._y 4+

and since A is radialy continuous, it is also demi-continuous and hence B is continuous. The
coercivity of A implies for sufficiently large R;:

Aug, u
(M - \!f\|@*) leall 20 for flual) > B

Thus for |a| = R = Ryc it holds

(Aud, ud>
[[wall

By Lemma 3.3.11 there exists a € R? such that Ba = 0, i.e. ug = Ca satisfies

— /1

d
(Ba, a) =Y bia; = (Aug, ug) — (f, ug) > ( j) [ ugl] > 0.
=1

The estimate
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and coercivity of A imply |lug|| < M; and (Aug, ug) < My for every d € N. By Corollary
3.3.8 it holds [|Aug|| 4. < M and further it holds

lim (Aug, h) = (f. h) ~ Vhe Léj%d.

Therefore Aug — f in #*. Now let uy — u along a subsequence. We find

lim (Aud, ud> = dlggo <f7 ud> = <f> u> )

d—00

and hence by Lemma 3.3.9c) Au = f. This provides the statement. O

Theorem 3.3.13. Let A : B — PB* be radially continuous, strictly monotone and coercive.
Then A~ : B* — B exists, is monotone and bounded. If A is strongly monotone, then A™*
18 Lipschitz continuous.

Proof. We provide the proof in 4 steps.
Step 1: By Theorem 3.3.12 it suffices to prove that Au = f has only one solution. Let
u, v be solutions then (Au — Av, u — v) = 0 and the strict monotonicity provides u = v.
Step 2: For f,g € %* and u := A~ f, v := A lg we find by strict monotonicity of A

(f—g, A f=Ag) = (Au— Av, u—v) > 0.
Step 3: Let || f|| 4 < M and let Au= f. Then

(Au, w) > flull v ([lull) , ey (Jull) < (1]

B -
Because y(z) — oo for & — oo this implies ||u|| = ||[A™!f]| < K for a constant K depending
on f.
Step 4: For f,g € #* and u := A1 f, v := A~lg we find
1f = gllpe Il = vll 5 = (Au— Av, w—v) 2 m|lu— vl = m u— ||, [|[ A7 f — A7, .

]

3.3.3 Evolution Equations with Continuous Nonlinear Operators
We study the following ODE on S = [0, 7]
u(t) + G(t)u(t) = f(1),

where G(t) is a family of nonlinear operators & — % and f : S — £ is sufficiently regular.
In Theorem 1.2.10 we studied this problem in the context of compact operators G. Here we
will study a different setting. In particular, we will consider the following setting

1. For every b € A the function t — G(t)b is continuous.

2. The family G(t) : B — % is uniformly Lipschitz continuous. I.e. there exists L € R
such that for all a,b € £ and allt € S

1G(H)a = G(#)bll5 < Lila =0l -
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Lemma 3.3.14. Let 1.-2. hold then for every u € C(S; %) it holds Gu € C(S; A).

Proof. Let t, — tin S as n — oo. Then it holds

|Gt )ultn) = G)u(t)l 5 < Llluts) = u(t)ll 4 + [|GE)ut) = G(t)u(t) 4
Then the Lemma follows from convergence u(t,) — u(t) and 1. O

Lemma 3.3.15. The norms
lull ey = sup {e* Ju(t) )
tes

are equivalent with the standard norm on C(S; A).

Proof. Evidently, |-, are norms and we find

HuHCk < HUHC(S;%) <M HuHCk :
]

Lemma 3.3.16 (Gronwall). Let f: S — R continuous and g : S — R non-decreasing . If
for some ¢ >0

Vie S  f(t) <g(t)+ c/otf(s)ds, (3.30)

then
ViesS: f(t) <e“g(t).

In particular, for g =0 and f > 0 we infer f = 0.
Proof. From (3.30) we infer

F(t) < (g e / 10 dr)

and hence by induction
(ct)*
k!

n+1 // / f5n+s dspq1---dsy

With M = sup,cg f(t) we find

+ Rn—l—l )

0%

where

M(CT)n—i—l
: n <)
Vte S |Rn1(t)| < CES
Since R,,11(t) — 0 uniformly on S as n — oo, the claim follows. O
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Theorem 3.3.17. For every f € C(S;AB) and ug € B the Cauchy-problem
at) + G(tu(t) = f(t),  u(0) =uo (3.31)
has a unique solution v € C(S;%B). The mapping B x C(S; B) — C1(S; B), (ug, f) — u is

continuous.

Proof. We use the Banach fixed point theorem and define for ¢t € S

awww;wm—A<G@wg—f@»m.

Evidently, we can diffentiate the last expression and hence U : C(S; %) — CY(S;AB) is
continuous. We show that I/ is a contraction with respect to one of the above introduced
norsm ||-||, for suitable k. By definition of ¢, we obtain for u,v € C(S; %)

\Wwﬂ—wﬁMgSAHG®M@—G®M$M€“J%8

t
<L [ fuls) = o) e s
0

ekt — 1

< Lllu— U”c,k T

Multiplying both sides with e~** and taking the supremum over S, we obtain
L —kT
U (u — U)Hc,k < % (1 —¢€ ) Ju — UHC,k :
Choosing k£ > L, the Banach fixed point theorem yields exists of a unique element u €
C*(S; P) such that u = Uu and differentiating the last equation in ¢, we obtain (3.31).

In order to prove the continuity, let fi, fo € C(S; %) and wp1,up2 € . Then the
corresponding solutions uy, us € C1(S; %) of (3.31) satisfy

w;(t) == o, —/0 (G(s)ui(s) — fi(s))ds.

Taking the difference of these two equations we find

t
Jur(t) — w2 () < lluog — wo2lly + T 1 = follogs,z) + L/O [ui(s) — ua(s)| 5 ds.
With help of the Gronwall Lemma, we obtain
lur — sl 5.8 < K (||uO,1 — ozl 5+ 11 — f2Hc(s;,%)>
From the original ODE, we furthermore obtain by the last estimate
lin — iallosyny < K (liox = ozl + 11 = Fellogss) -
Together, this implies the claimes continuity (ug, f) — . ]
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Definition 3.3.18. Let %, %, be Banch spaces. A map G : domG — {S — %}, domG C
S, is called Volterra operator if for almost all ¢ € S it holds

(u(s) = v(s) for a.e. s €10,t]) = (Gu(s) = Gu(s) for a.e. s €[0,t]) .

In what follows, we consider & := #; = %, and make the following additional assump-
tion:

AL>0: |Gu-— GUHC(S;%) < Lfju— UHC(S;,%) : (3.32)

Lemma 3.3.19. If a Volterra-Operator G satisfies condition (3.32) then for all u,v €
C(S;#) and allt € S:

1Gu = Gl o) < L sup [lu(s) —v(s)ll -
s€[0,t]
Proof. Let t € S; We define

u(s) for0<s<t
w(s) ==
u(t) fort<s<T

and v, correspondingly. Evidently, u;, v, € C(S; %) and

2 < L sup |u(s) —v(s)
s€[0,t]

|Gu — GUHC([O,t];@) < |Gu — th“C’(S;%‘) < Lsgg [[ue(s) — vi(s) 2

]

Example 3.3.20. Let h € C'(S) and 0 < h(t) <t on S. Furthermore, let {G(t)} be a family
of operators satisfying 1. and 2. Then Gu(t) := G(t)u(h(t)) is a Volterra-Operator.

Theorem 3.3.21. Let the Volterra-Operator G satisfy condition (3.32). For every f €
C(S;B) and uy € A the Cauchy-problem

ut) +G(tu(t) = f(),  u(0) =uo
has a unique solution v € C(S;%B). The mapping B x C(S; B) — C1(S; B), (ug, [) = u is

continuous.

Proof. Like in the proof of Theorem 3.3.17 we define for ¢t € S:

(Uu) (t) == ug — /0 ((Gu) (s) — f(s))ds. (3.33)

Since f € C(S; %) and G : C(S;B) — C(S;P) it holds U : C(S;B) — C'(S; AB). From
(3.33) it follows

t
[Uu(t) —Uv(t)] 5 < /O [(Gu) (s) = (Gv) ()| 5 ds
t t
< /O 1Gu = Goll .92 ds < L/O [ = vl e 0,6, 45

< / sup [[u(r) — v(r)

0<r<s

—ks ks
z€ eds

t
< L/ sup |lu(r) — v(r)]]%e’k’"eksds
0

0<r<s
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Using the ||+ ,-norms as above, we end up with

L _
[Uu _uv”C,k < P (1 —€ kT) Ju— UHC,k :

From here, we can conclude as in the proof of Theorem 3.3.17. O]

3.3.4 Pseudoparabolic Evolution Equations

We study the two equations

where A will satisfy the following assumptions.
The family A = A(t) constits of nonlinear mappings such that

vVt € [0,7]: A(t) : B — Pis radially continuous (3.34)
Vee B: (t— Alt)x) € C(S; %) (3.35)
Vte€[0,T]: Vx,ye B(A{t)x — A(t)y, z —y) > mllz —yl|, (3.36)
AL >0:  [|Bu— Bvllgge < Lllu—vllos) (3.37)

Lemma 3.3.22. Assuming (3.34)-(3.36) the operators A~*(t) : B* — B exist and for every
tesS

A~ ()2 — A7 )y . (3.38)

Furthermore, for every x* € %* the function t — A~(t)x* is continuous.

p<m =y

Proof. The existence of the inverse and estimate (3.38) follows from Theorem 3.3.13.
The second part follows from

||A_1(t):r* — A (s)a"

2= HA_l(s)A(s)A_l(t)x* — A Y(s)2* 2
1

< A A (00 - |5 = ([ AAT 0 — AW AT 0|57 0.

1
m
U

Theorem 3.3.23. Let (3.84)—(3.87) be satisfied. For every f € C(S;%*) and ug € B the
Cauchy-problem

A(tya(t) + (Bu) () = f(1),  u(0) = up.

has a unique solution v € C(S;%B). The mapping B x C(S; B) — C1(S; B), (ug, f) = u is
continuous.
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Proof. Instead of the original problem, we consider

wt) +(Gu) () = f(t),  u(0) =wuo

where

Vue C(S:B),teS:  (Gu)t) = —A"t) (= (Bu) (t) + f(1)) .

Hence, it suffices to verify the conditions of Theorem 3.3.21. Since B is Volterra operator,
so is G. Defining vy := f(ty) — (Bu) (tp) we obtain

2:)7

g TIF(8) = [ (to)]

: L
lim [[(Gu) (t) = (Gu) (o)l < — lim ([|(Bu) (t) — (Bu) (to)|
+ tli—gé ||A_1(t)vo — A_l(to)’voH
which implies G : C(s; 8) — C(S; A).
For u,v € C(S; %) we obtain using Lemma 3.3.22

1(Gu) (1) = (Go) (D] < —[[(Bu) (t) = (Bv) ()] -

L
| Bu — BUHC(S;E@*) < ooy Ju— UHC(S;,@)

and hence

L
1Gu — Gul[p(s,9) < - lu =52 -

3.3.5 Fitzpatrick-Theory and Very Generalized Gradient Flows

In this last chapter of the lecture, we will draw a link from the theory of monotone operators
back to the theory of gradient flows. The following link between convex funtionals and
maximal monotone graphs has been developed by Fitzpatrick in a seminal paper [3]. The
knowledge on the relation to gradient flows is not widely spread, though.

Throughout this section, £ is assumed to be locally convex and Hausdorff, implying %
is reflezive.

Definition 3.3.24. The graph of a monotone operator A : & — %* is defined through
G(A) :={(b,b*) : b € Ab} .

A is called maximal monotone, if there is no other monotone operator A such that G(A) C
G(A) is properly contained.

As we have seen in Lemma 3.2.6, the subdifferential of a convex l.s.c. function is monotone.
In the following, we will study convex functions which depend on both #Z and %*. Let
v B x B — R be a convex function and denote 1, : B* — R, b* — (b,b*) and
P B — R, b — (b, b*). Recalling the definition of sub-derivative in (3.6) we denote

Ot (b, ) = OUY" (b) and Dge1) (b, b*) = Oy (b*).
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Definition 3.3.25. For every convex function ¢ : % x #* — R we define (and observe)
Tyb:={b" € Z" : (b°,b) € 0¥(b,0")}
and because
07—t b—a) = S (00— (@ 0), (067) — (a,0")) 2 0,

we find Ty, is monotone for convex .

Example 3.3.26. Fitzpatrick choses as an example some convex and l.s.c. p: £ — R and
defines the function

Y(b,b%) := p(b) + p*(b") = sup (p(b) — p(a) + (b*, a))

aERB
with the corresponding Ty, = Jp: In particular we find from Lemma 3.2.6
(b,b") <(b,b*) < b e€dplb) < bedp'(b) & (b,b) €0Y(bb) & b eTyb.

We hope to establish the latter relation in more generality. To this aim, we first observe
the following.

Lemma 3.3.27. Let ¢ : B x B* — R be conver with ¢(b,b*) > (b, b*)for all (b,b*) in a
neighborhood U of (by, by). If 1 (bo, b§) = (bo, b§) then then bi € Tyb.

Proof. Let (a,a*) € 2 x %* and s > 0 such that (by + sa, b§ + sa*) € U. Then
* * * 1 * * *
f(bo +a, by +a”) — f (bo, bg) > g(f(bo+sa,bo+5a ) = f (bo, bg))

> (bo + sa, by + sa”™) — (bo, by)
= <b07 CL*> + <a’ b3> +s <aa a*> :

Letting s — 0 we have

f(bo+a,b5 +a*) — f(bo, by) = (bo,a”) + (a, bg) ,
which is (b5, bo) € 0t (bo, b) and hence b§ € Ty (by). O
Lemma 3.3.28. Let 1) : B x B* — R be conver and b € Oy (b*) such that

sup ((b,v*) —(b,v")) =0. (3.39)

vt B>

Then (b, b*) = (b, b*).

Proof. Since b € 0y (b*) it holds for every v* € Z* that (v*,b) < ¢ (b* + v*) — ¢,(b*) and
(0" + 0%, 0) = hp(b" +07) < (b7, 0) — (b))

Taking the supremum over v* it holds 0 < (b*, b) — ¢, (b*). However, putting v* = b* in (3.39)
it holds (b*,b) — ¢, (b*) < 0 and hence (b*,b) = 1,(b*). O
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Theorem 3.3.29. Let

Vbe %: sup ((b,b") —1(b,b%)) =0.
b*e B+

Then b € 0y, (b*) if and only if b* € Tyb.
Proof. Let b € 0y (b*). Then Lemma 3.3.28 implies ¢(b,b*) = (b,b*) and Lemma 3.3.27
implies 0* € T0.

Vice versa, let b* € Tyb. Then b € 0y, (b*) follows by definition. O

Lemma 3.3.30. For every maximal monotone operator T let

Ly(b,b*):=  sup ((b",a)+ (a",b—a)) .

(a,a*)€G(T)
Then Lt is conver and l.s.c..

Proof. Convexity follows from

Lr(sb+ (1 — s)b,sb* + (1 — s)b*) := (w?)ue%(T) <<sb* + (1 — s)b*, a> + <a*, sb+ (1 —s)b— a>>

<s (a’;)ue%(T) ((b*,a) + (a*, b—a)) + (1 — s) (a,af;le%(T) <<I~)*, a> + <a*, b— a>> :

Let (b, b}, cn),en C epi Ly a sequence with (by,, by, c,) — (b,0*,¢). Then for all (a,a*) €
G(T) it holds
cn > (b a) + (a”, b, — a)
and hence
c>(b*,a)+ (a*, b—a) .
This implies lower semicontinuity by Lemma 3.2.1. [

Lemma 3.3.31. IfT is a monotone operator on 8 and (a,a*) € G(T) and for some (b,0*) €
B x B* we have
Ly (b,6") = (a,b*) + (b —a, a*) ,

then (a*,a) € 0Ly (b,b*). Furthermore, if (b,b*) € G(T) then Lt (b,b*) = (b,0*) and (b*,b) €
0L (b,b*).
Proof. For each u € # and u* € %* we have

LT (b tu, b* + U*) - LT<b> b*)

= sup  ({g, 0" +u") +{b+uy)—(y,y")) — L (b,b")
(y,9")EG(T)

> (a,b" +u*) + (b+u,a*) — (a,a”) — {(a,b*) — (b—a, a*)
= (u,a") + (a,u)

ie. (a*,a) € 0Ly (b,b").
If (b, b*) € G(T) then monotonicity implies (b, b*) > (a, b*)+(b — a, a*) implying L1(b, b*) <
(b, b*). On the other hand by definition

Ly (b,b*) > (b,b") + (b —b,0") = (b,b") ,
implying the statement by Lemma 3.3.27. O]
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We will find the following result useful.

Lemma 3.3.32. IfT is a monotone operator on B then T is mazimal monotone if and only
if Lr(b,b*) > (b, b*) whenever b € B and b* € AB*\T(b).

Proof. Let Lt(b,b*) < (b,b*) such that for all (a,a*) € G(T) it holds
(a,b") +(b—a,b*) < (b,0") = (a—ba"—0b")>0.

Since T is maximal monotone, this implies b* € Tb.
If T is not maximal monotone, then there exists b € A and b* € Z*\Tbh such that for all
(a,a*) € G(T) it holds (@ — b,a* — b*) > 0. But then Lr(b,b*) < (b, b*). O

We are now able to prove our main result of this section.

Theorem 3.3.33. Let A be maximal monotone on %B. Then La(b,b*) > (b,b*) for every
(b,b*) € B x B* and L(b,b*) = (b,b*) if and only if (b,b*) € G(A).

Proof. This follows from Lemmas 3.3.32 and 3.3.27. O

We make use of Theorem 3.3.33 as follows. Assume we study the equation
i=g(=DE&(u)+ f)

similar to Section 3.2.3, but with OV replaced by a maximal monotone operator ¢g. In
particular, we find (4, —DE(u) + f) € G(g) and hence we might proceed as in Section to
find that solutions to satisfy

E(T,u(T))+/OTLg (it, =DE(-,u) + f) gg(o,u0>+/0T <fu> ,

while for all curves u € C'(0,T; #) we find

5(T,u(T))+/OTLg (i, =DE(-,u) + f) > £(0,ug) +/0T <f,u> .

Berlin/Miinchen 2019/2020



Bibliography

1]

[12]

[13]

[14]

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows: in metric spaces
and in the space of probability measures. Springer Science & Business Media, 2008.

Ivar Ekeland and Roger Temam. Convex analysis and variational problems, volume 28.
Siam, 1999.

Simon Fitzpatrick et al. Representing monotone operators by convex functions. In Work-
shop/Miniconference on Functional Analysis and Optimization, pages 59-65. Centre for
Mathematics and its Applications, Mathematical Sciences Institute, 1988.

Herbert Gajewski, Konrad Groger, and Klaus Zacharias. Nichtlineare operatorgleichun-
gen und operatordifferentialgleichungen. Mathematische Nachrichten, 67(22):iv—iv, 1975.

David G Luenberger. Optimization by vector space methods. John Wiley & Sons, 1997.

John Milnor and David W Weaver. Topology from the differentiable viewpoint. Princeton
university press, 1997.

L. Nirenberg. Topics in Nonlinear Functional Analysis. Courant Institute, 1974.

Ralph Rockafellar. Integrals which are convex functionals. Pacific journal of mathemat-
ics, 24(3):525-539, 1968.

Ralph Tyrell Rockafellar. Convezr analysis. Princeton university press, 2015.

Riccarda Rossi, Alexander Mielke, and Giuseppe Savaré. A metric approach to a class
of doubly nonlinear evolution equations and applications. Annali della Scuola Normale
Superiore di Pisa-Classe di Scienze-Serie IV, 7(1):97, 2008.

Riccarda Rossi and Giuseppe Savaré. Gradient flows of non convex functionals in hilbert
spaces and applications. ESAIM: Control, Optimisation and Calculus of Variations,
12(3):564-614, 2006.

Michael Ruzicka. Nichtlineare Funktionalanalysis: FEine FEinfihrung. Springer-Verlag,
2006.

Jacques Simon. Compact sets in the spacel p (o, t; b). Annali di Matematica pura ed
applicata, 146(1):65-96, 1986.

E. Zeidler. Nonlinear Functional Analysis I, Fized Point Theorems. Springer, 1986.

95



